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Abstract

A recent novel technique known as seismic interferometry makes use of seismic ‘noise’ to
reconstruct a Green’s function between two receivers by crosscorrelation. This technique can
be applied for example in permanent subsurface monitoring using passive seismics or the
creation of virtual sources on positions where only recordings were made. The aim of this
thesis is to derive and understand equations for seismoelectric interferometry.

The first part of this thesis focusses on a the calculation of SH-TE seismoelectrical responses in
a 2D horizontally stratified earth. We decompose the two-way wave equation for SH-TE waves
into upgoing and downgoing waves which we relate through a reflectivity formulation. The
reflectivity formulation is based upon reflection matrices only, even though we can simulate
both reflection and transmission experiments. We solve the SH-TE seismoelectric system in
a 1D homogeneous world.

In the second part of this thesis we derive interferometric Green’s fucntion representations
from reciprocity theorems that relate two different states in one domain. Interferometric
Green’s function representations express the Green’s function between two receivers as a func-
tion of crosscorrelations of responses of sources throughout a domain and on it’s boundary.
We cast the seismoelectric system in a general diffusion, flow and wave equation and define
a Green’s matrix for all different field and source types. Using this formulation we derive
a source-receiver reciprocity relation for the Green’s matrix from the convolution type reci-
procity theorem. The correlation type reciprocity theorem for the Green’s matrix is modified
using source-receiver reciprocity to obtain the interferometric Green’s function representation.

We study the SH-TE seismoelectrical interferometric representation 1D and 2D in homoge-
neous media. A seismoelectric interferometric representation was written to recover the causal
response of the particle velocity at position B due to a electrical current source at position
A, as a function of cross correlations of electric field recordings at A and particle velocity
recordings at B. Provided there exists a dense coverage of sources in the domain and on it’s
boundary, the representation was validated in both 1D and 2D.

Approximations to the interferometric representation are investigated by studying the con-
tributions of parts of the domain and boundary integrals. It was found that a dominant
spurious event resides in the separate contributions of the domain and boundary integrals,
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that destructively interferes when both contributions are combined. The role of different
source types in the interferometric representation was studied. In a homogeneous medium
the measured events have propagated either as an electromagnetic wave or as a shear wave.
The dominant contribution to the reconstruction of an electromagnetic event is by electro-
magnetic sources. Similarly, can the reconstructed shear wave event be attributed mainly due
to seismic sources. In a medium with low electromagnetic and shear wave losses we could
ignore the domain integral, this will result in amplitude errors and we will suffer from spurious
events.
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Chapter 1

Introduction

1-1 Motivation

This thesis was sparked by the publication of a generalized theory for Greens function retrieval
by crosscorrelation [Wapenaar et al., 2006] for arbitrary diffusion, flow and wave systems.
Thus predicting the possibility of retrieving a seismoelectric Green’s function by crosscorre-
lating the measurements of the particle velocity at a receiver station A with the measurements
of the electrical field at a receiver station B. This thesis aims to derive and validate the in-
terferometric seismoelectric Green’s function representation to understand what seismic and
electromagnetic background noise is needed for the interferometry to deliver the desired seis-
moelectric response.

Conventional geophysical techniques aim to obtain a image of the subsurface. Although
they succeed in obtaining an image of a wide range of subsurface properties, they provide
very little information on hydraulic permeability. Which has been the motivation to perform
seismoelectric surveys for many authors, who obtained different levels of success. This thesis
provides an alternative way to obtain the seismoelectric response, using alternative positions of
the source, or using the natural seismic and electromagnetic sources in the subsurface. Using
this method, we could benefit from a better signal to noise ratio by simply recording for a
longer time period. But we likely suffer from a imperfect source distribution. Understanding
the seismoelectric interferometric representation Green’s function representation is a key step
in the development of experiments of seismoelectric interferometry.

The seismoelectric system of Pride [1994] combines Biot’s theory of wave propagation through
saturated porous media with Maxwell’s equations for the electromagnetic fields. Seismoelec-
tric interferometry is an extreme application of Greens function retrieval by crosscorrelation.
proper understanding of the seismoelectric interferometric Green’s function representation
will increase our understanding of the boundary conditions for Greens function retrieval by
crosscorrelation.



2 Introduction

1-2 Seismoelectric Phenomena

The first reported observation of seismoelectric phenomena was in 1936 by R.R. Thompson
in the first issue of Geophysics. Thompson [1936, 1939], reported on electrical conductivity
changes upon the passing of a seismic wave. Shortly afterward, Ivanov [1939] reported on the
measurement of a electromagnetic field on the passing of a seismic wave, which later became
known as the co-seismic electrical field. Frenkel [1944] was the first to attempt to provide a
theoretical framework for seismoelectric phenomena. A major corner stone for the derivation
of seismoelectric theory for porous saturated media was given by Biot’s his theory for wave
propagation in saturated porous media, [Biot, 1956], [Biot, 1956]. It was until 1994 that
S.R. Pride derived a self-consistent system that describes seismoelectric wave phenomena in
saturated porous media. Pride [1994] combined Biot’s theory of wave propagation through
saturated porous media with Maxwell’s equations for the electromagnetic fields.

1-3 Interferometric Green’s function recovery

The principle for Greens function retrieval by crosscorrelation was first derived by Claerbout
[1968], who showed that the reflection response of a horizontally layered medium can be
synthesized from the autocorrelation of its transmission response. Only little was reported
on the subject until Weaver and Lobkis [Weaver and Lobkis, 2002] showed how the Green’s
function emerges in the cross-correlation of diffuse wave-fields. The conjecture of Claerbout
that his relation holds for any arbitrary medium in 3D was confirmed by Wapenaar [2004], who
derived the interferometry relation from reciprocity theorems. The derivation from reciprocity
theorems does not require the wave-field to be diffusive. Another derivation is based upon
stationary phase [Snieder, 2004b], showing that certain sources are more important than
other sources. Recent work has shown that the derivation from reciprocity theorems holds
for for situations where time-reversal invariance does not hold, as for electromagnetic waves
in conducting media [Slob et al., 2007], acoustic waves in attenuating media [Snieder, 2007],
or general scalar diffusion phenomena [Snieder, 2006]. Theses developments eventually lead
to the derivation of interferometric Green’s function representations for arbitrary diffusion,
flow and wave phenomena, [Wapenaar et al., 2006], predicting relations for seismoelectric
interferometry.

1-4 OQutline of this thesis

In Chapter 2 we introduce the seismoelectric system of equations and compile them into a
general matrix-vector equation. In the first chapter of Part I we provide the seismoelectric
two-way wave equation together with composition and decomposition matrices to decompose
the SH-TE fields into up and down going waves. A reflection formalism is derived in Chapter
4 that can be used to compute the responses of sources buried in layered media. Several ex-
amples of these simulations are given in Chapter 5. Part II focuses on interferometric Green’s
function representations and a numerical study of seismoelectric interferometric Green’s func-
tion representations. The general theory is introduced in Chapter 6, written in an abstract
formulation using the general matrix-vector equation that was introduced in Chapter 2. In
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Chapter 7 we expand interferometric Green’s function representations for the SH-TE seismo-
electric system in 1D and 2D. The anatomy of these representations is studied in Chapter 8,
we focused on understanding the complications that arise from ignoring several contributions
in these representations. A discussion and conclusions follow in Chapter 9.

1-5 Notations and definitions

In this thesis, we use a large number of variables and parameters in addition to multiple
general vector-matrix equations for the seismoelectric system of equations. Therefore it is
important to use some general notation conventions.

A position in space is denotes by a triplet of Cartesian coordinates. The position vector is
denoted by x and the vector elements contain the coordinates of the point in space, x =
(.Il,ZEQ,SCg)t, defined in a right-handed coordinate system and ! means matrix transposition
(see Section 1-5-2 below), we use xp for the horizontal coordinates x; and x3. Spatial
derivatives are denoted by 9;, in which the subscript ; specifies the coordinate, z; with respect
to which the partial differentiation is taken. The time coordinate is denoted by ¢t and J; means
temporal differentiation.

A vector can be written as v = wvgig, where the summation convention applies to the repeated
subscript , and where i is a unit base vector of the Cartesian reference frame and the
subscript 5 indicates one of the three base vector directions. Hence, v7 is the iy component
of the vector v.

Possible additional super- and subscripts are added to denote, for example, a state in reci-
procity theorems (A or B), medium phases, when used above a field or source quantity, or
symbols that are added for differentiation between previously defined variables and param-
eters. We have the x1 component of the particle velocity in the solid in state A as v] 4. A
underlined variable or matrix denotes a slightly alternative definition from its original ve}sion,
for example in the system matrices A and A in Section 2-2 and in the source terms f, and
J§5 defined in Section 7-1 and Appendix B.

We use lower case Latin symbols for variables, except for the electric and magnetic fields
were we use the capital letters E and H. Matrices and vectors are written in boldface, were
the context separates between matrices and vectors. Some special vectors are denoted by
Greek boldface symbols. Operators (matrices) are written in calligraphic script and so are
the matrices that are derived from operators by Fourier transforms, although strictly in the
Fourier domain they are no longer operators. An exception is the composition operator L,
this is to discriminate from the seismoelectric coupling coefficient L.

The Einstein summation convention is used and applies to repeated subscripts, that denote
the elements of a vector or matrix. Lower-case Latin subscripts take on the values 1, 2 and
3, while lower-case Greek subscripts take on the values 1 and 2. Hence

3
O;w;  stands for Zﬁiwi, (1-1)
i=1

which is the divergence of w.
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Some exceptions have been made in Chapter 4, where we use z as the vertical coordinate.
And we do not perform Einstein summation convention over the subscript n that denotes the
layer number and the subscript w that denotes wave type. Some tricky definitions are those
of the stiffness parameter d, that is denoted in roman-case if used in the isotropic case where
dj; = dé;j. This is to discriminate from the notion of an infinitesimal small step size, d, in an
integration variable.

1-5-1 Fourier transformations

We use the following definition for the temporal Fourier transformation
oo
PO} = focw) = [ Focteat (1)
— 0o

where w is angular frequency, ¢ is time, and ¢ = v/—1 is the imaginary unit. The frequency
domain function f(x,w) is the temporal Fourier transform of the time domain function f(x,t).
The inverse temporal Fourier transform is,

(7 ) {f(x,w)} = f(x,1) / F(x,w)e™tdw. (1-3)

Note that 0; after temporal Fourier transformation is replaced by iw, assuming zero initial
conditions. We use the following definition for the spatial Fourier transformation,

F{f(x1,x2,23,1)} = f(kl,:cg,xg,t) :/ f(xl,xg,wg,t)eiklxldxl, (1-4)

where k is a wavenumber, x is a spatial coordinate, and f(z1, 22, x3,t) is the time domain
function that is transformed to the wavenumber domain function f (k1,x9,x3,t). Note the
different choice of sign in the exponential of the temporal Fourier transformation. The inverse
spatial Fourier transformation,

(‘7:8)_1 {fv(klam27:ﬂ37 )} f(l'l,l’z,l’g, / f k'l,.f[‘g, ) _Zklwldl{; (1—5)

The spatial Fourier transformation can repetitively be applied to each spatial coordinate
(F*)? {f(x1, w2, 23,t)} = f(k,t). A spatial derivative with respect to the coordinate z;, d; is
after spatial Fourier transformation replaced by —ik;. In Chapter 2 we transform our space
time domain functions to the space frequency domain. In Chapter 3, after dropping the o
dependence we perform another Fourier transformation and go to the horizontal-wavenumber
frequency domain (F** ) {f(x1,23,t)} = f(k1,23,w). The interferometric relations of Part
IT of the thesis are all derived in the space frequency domain.

In our calculations we only use positive frequencies and make use of relation 1-6, stating that
for real functions of ¢ we can rewrite the Fourier transformation over the positive frequencies
only [Bracewell, 2000,

f(x,t) = 217r/_ f(x,w)e“tdo =R <717/0 f(x,w)emdw) . (1-6)

For a discussion on how we discretise the Fourier transformations and some additional aspects
of how we implement this in our calculations, see Sections 5-1-1 and 5-1-2.
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1-5-2 Transposed and adjoined operators

Throughout the thesis we make a formal separation between scalar functions and operator
functions, or more general between matrices containing algebraic factors and matrices con-
taining operators. We use a lower-case superscript ! to denote simple matrix transposition,
while we use an upper-case superscript . to denote operator matrix transposition. If we
denote a complex conjugation for a scalar function or elements of a matrix we use an astrix
*. When we transpose a matrix and take the complex conjugate of its elements, we use a
superscript 7 and name it the Hermitian. When we mean complex conjugation and operator
matrix transposition we use a superscript T, and name it the adjoint. In what follows we
introduce the transposed and adjoint of an operator (matrix).

For two vector functions f(xy) and g(xz) of the horizontal coordinates xy we define the
bilinear form as

(.80, = [ €7 cn )l (1-7)
and the sesquilinear form as
(.8, = [ £ g (1-8)
S

Consider an operator matrix U, we introduce the transposed operator matrix U’ via

<Uf>g>b = <f7uTg>b (1_9)
and the adjoint operator matrix U’ via
wt.g), = (t.u's) . (1-10)

Definitions 1-7 and 1-8 are through an integration over the complete horizontal coordinates,
hence transposed and adjoint operators are not defined for an operator acting on the time or
vertical-space coordinates. An operator matrix is called symmetric when it obeys

ut =u (1-11)
and it is self-adjoint when
U =u. (1-12)
For an operator matrix
U Uz
U= , 1-13
< U1 Uso ) (1-13)
it follows from relation 1-9 above that
Ut uf,
u' = ( noA > 1-14

Thus U7 is a transposed matrix, containing transposed operators. Through definition 1-10,
we have for the adjoint operator matrix U7,

uh)” (Us) .
LIT - < ( 1 * 21 * - UT . (1—15)
wdly ) ) =)
Note that the use of 7 on a matrix that does not contain operators is equal to the use of
and similarly for T and 7.
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Chapter 2

Seismoelectric system of equations

In this Chapter the seismoelectric equations are presented and a general diffusion, flow and
wave equation is presented that captures these equations in 22 by 22 matrices. At the end
the boundary conditions used to solve the system of equations are presented for source-free
interfaces and for a source level in a homogeneous subdomain.

The equations in this Chapter are applicable for 3D seismoelectric wavefieds in inhomogeneous
anisotropic prorous media. Nevertheless, some parameters are only specified for isotropic
media. We use the boundary conditions in Part I to derive a scattering formalism that we use
for seismoelectric modeling in isotropic horizontally-stratified media. And we use the general
diffusion, flow and wave equation in Part II to derive reciprocity relations and interferometric
Green’s function representations for seismoelectric waves.

2-1 Pride’s seismoelectric system of equations

In this Section we introduce the seismoelectric system of equations as derived by Pride [1994].
Pride derived the system starting from Maxwell’s equations for the electromagnetic field and
Biot’s equations of elastodynamic waves in porous media. He performed volume averaging of
the governing equations in a porous medium with coupling through an electric double layer
system around the grains. The final form of the equations take the form of Biot’s equations
linearly coupled with Maxwell’s equations through a coupling coefficient L.

The system of Pride has been derived making numerous assumptions. The most important
ones are summarized here. The fluid is assumed to be an ideal electrolyte. Both the solid
grains and all the macroscopic constitutive laws are assumed to be isotropic. In the literature
it is generally assumed that this assumption can be relaxed to include anisotropic macroscopic
constitutive parameters. The frequency dependency of the dynamic permeability and the
coupling coefficient are smooth functions and postulated between continuous current and f.
Under the assumptions that at the pore and grain scale the dielectric constant of the grains
is much smaller than that of the electrolyte and the thickness of the double layer is much
smaller than the radii of the curvature of the solid grains, all wave induced diffusion effects are
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ignored. Scattering at the pore and grain scale is not accounted for, so the highest frequency
of mechanic waves that can be considered is in the order of 10° Hz. No piezoelectric effects
are considered and Lorentz currents are neglected. Only linear disturbances are considered.

2-1-1 The coupling coefficient

The coupling coefficient L is given in the frequency domain by

_1

- wm d\’ | iwpf il
L=Ly|1+i——(1—-2— 1—dy —— 2-1
o1+ (1-2%) ! , (21)

where the static coupling coefficient L is defined as
! d!
Lo = _(5560; ¢ (1 — 2A> . (2-2)
o

The coupling coefficient is a frequency dependent function of tortuosity a, volume-to-surface
ratio of a porous material A, fluid relative dielectric permittivity ef , dielectric permittivity
in vacuum e, pore fluid viscosity 1, Debye length d!, critical frequency w,, the density of the
fluid phase p/ and the zeta potential of the double layer ¢. Pride and Morgan [1991] have
collected the datasets of previous researchers who determined the streaming potential, or zeta
potential, in quartz systems and found

¢=8-10"%426-10">log,, C, (2-3)

were C'is the electrolyte concentration in the pore fluid. The assumption that we consider
the fluid to be an ideal electrolyte restricts 1075 < C' < 10° [mol/liter]. The Debye length
is the characteristic length of the region of influence of the charge of mobile carriers. For an
electrolyte containing L ion species, the Debye length d' is given by

L
1 Z (ez)* Ni (24)

where M; is the bulk-ionic concentration of species 7, z; are the ion valences, e is the elementary
charge, kp is the Boltzmann constant and T is the temperature, we use T' = 323K . The bulk
ionic concentration of ion species ; is calculated using

N; = 10°C Naabs(2}), (2-5)

where 2z, is the valency of the conjugate ion. The critical frequency separates low-frequency
viscous flow and high-frequency inertial flow, and is defined as

We = %’ (2-6)
Qockopyf
were kg is the static permeability in [m?], and ¢ is the porosity as a volume fraction [-]. This

gives us a total of three pore geometry parameters o, A and kg that characterize the porous
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material. A parameter, derived from those, is the similarity parameter m [Johnson et al.,
1987]
_ on?

Oéooko '

m (2-7)
Under the assumption that there exists only one scaling function for all porous media, m has
been fixed to m = 8 [Johnson, 1989]. We use a Carmen-Kozeny relationship which relates the
static permeability kg to the porosity ¢ cubed, which is representative for clean Fontainebleau
sandstones [Bourbié et al., 1987],

ko=2-10"11¢3. (2-8)

The tortuosity ano remains the last free pore geometry parameter. In the general anisotropic
case the coupling coefficient is a tensor. Onsager reciprocity is satisfied under the thin double
layer assumption [Pride, 1994] and we have £ = £'. This means that the coupling coefficient
in Biot’s equations is equal to the coupling coefficient in Maxwell’s equations.

2-1-2 Equations of motion

In Pride’s system, the equations of motion are Biot’s equations of motion in porous media
including a coupling term to the electric field. For an arbitrary inhomogeneous anisotropic
medium they are given by

iwp'v* +iwplw — 0,78 = £, (2-9)
iwp’ v + k(W — LE) + Vpl = £/, (2-10)

where W is the Biot filtration velocity w = ¢(v/ — ¥*), ¥v* and v/ are the averaged solid
and fluid particle velocities, E is the averaged electric field strength, #° the averaged bulk
stress and p/ is the averaged pressure in the fluid. The source terms ff and f° are the
volume densities of external force applied to the fluid phase and bulk phase, respectively. The
constitutive parameters ﬁf , p° and ﬁb are anisotropic frequency-dependent density tensors,
t
and we have p¥ = (1 — ¢) p° + ¢p’. We assume that p/ = {pf } and p° = {p*}'. Which is,
for example, the case when the anisotropy is the result of parallel fine layering at a scale much
smaller than the wavelength [Schoenberg and Sen, 1983]. The complex frequency-dependent
. . Y
tensor k is the dynamic permeability tensor of the porous material, with k = {k} . The

stress-strain relations read
—iwtl + ;09" + d; VW = &;h) +d;d’, (2-11)
iwp! + Aot + MVw = dih! + M, (2-12)

where h? is the density of external deformation rate on the bulk and §’ is the density of
volume injection rate in the fluid phase, 0 is a 3 x 1 vector of zeros. Our notation has

~b N A
o [ (Y
Tj = T%j s hj = h2j 3 d]‘ = dgj and (2—13)
Ts. ho Qe
TS] h3j d3]
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Ciju  Crjou Cija
Cji = | Cou Coju Coja |- (2-14)
C3j11  €3521 C3531
t
oy 1t - - . . -
with 7° = {Tb} and h® = {hb} . The stiffness parameters of the porous solid are M,

N Nt
d= {d} and C;jr1 = Cjipt = Cijik = Chiij-

2-1-3 Isotropic frequency-independent elastic parameters

In this thesis we assume the elastic media parameters to be isotropic. We also assume cer-
tain elastic parameters to be frequency independent. For the frequency-dependent dynamic
permeability we assume k;; = d;;k, with

-1

k=ko , (2-15)

where the static permeability kg is given in equation 2-8. The frequency-independent stiffness
tensors are d;; = d;;d and

Cijki = V00, + N (6ik651 + dadjn.) (2-16)
where )
V= <KG - 3N) . (2-17)

The frequency-independent shear modulus of the framework of grains, N, is the shear mod-
ulus as if the fluid is absent. According to Pride [1994] the frequency-independent elastic
parameters Kg, d and M are given by,

K"+ oK/ + (14 ¢) K5A

Ko = A : (2-18)
4 Kflii%’ (2-19)
M o= ;ﬂ, (2-20)
A = d)([;;)Q((lqﬁ)Kst’"). (2-21)

where K*, K and K/7 are the frequency-independent compression moduli of the solid, fluid
and the framework of the grains, respectively. We also assume isotropic and frequency-
independent densities, ﬁzfj = 0;j of, pi; = 0ijp° and thus ﬁi-’j = 0;j ol

2-1-4 Electromagnetic equations

The other half of Pride’s system are given by Maxwell’s equations with a coupling coefficient
to Biot’s equation of motion in porous media. For an arbitrary inhomogeneous anisotropic
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medium Maxwell’s equations are given by

iweE+J° -V xH = -J% (2-22)
iwpH+J"+VxE = —J5" (2-23)
with the electric and magnetic current densities given by
Je = (&e —~ nﬁk—lt) E + nlk~'w, (2-24)
"~ &mhL (2-25)

where E and H are the averaged electric and magnetic field strengths, Js€ and J5™ are
the external electric and magnetic current source densities. The constitutive parameters ¢
and 6" are the frequency-dependent electric and magnetic conductivities, € and p are real-
valued frequency-independent dielectric permittivity and magnetic permeability. We have
¢ = {6}, 6™ = {6™}, € = {€}' and p = {pu}'. Note that all possible relaxation
mechanisms are captured in the electric and magnetic conductivity tensors.

2-1-5 Isotropic frequency-independent electromagnetic parameters

We assume the electromagnetic media parameters to be isotropic. The choice for frequency-
independent dielectric permittivity and magnetic permeability does not imply any loss of
generality, because all relaxation mechanisms are captured in the frequency-dependent elec-
trical conductivity and magnetic permeability. We have 67, = 60;;, 677 = 0;;6™, € = i€
and p;; = ;1. We neglect magnetic relaxation losses, 6™ = 0, and approximate the magnetic
permeability of the subsurface by the permeability of vacuum po. We have

= Ho. (2-26)
We calculate the dielectric permittivity according to Pride [1994]

€=¢€p <ai (dc - e;f) + 6i> , (2-27)

where €y and g are the electric permittivity and magnetic permeability of the vacuum. And e,Jf
and €; are the fluid and solid relative dielectric constants. The electrical conductivity is com-
posed from the frequency-independent pore-fluid conductivity o, the frequency-independent
double layer electron migration conductivity o¢,, and the frequency-dependent osmotic con-
ductivity of the streaming current 6,5. From Pride [1994] we have

)

“ QZ)O'f 2 (Uem + a'os)
€ — 1 2-2
o o + A ) (2-28)
where we use,
L
of = (ezi)® bil;, (2-29)

1

%

L
Tem 2d; ; (e2:)” bil; {GXP <—;]:;;> - 1] ; (2-30)

(coc”)” ¢? 2 d'\"
€Q€
5ps = ~—2t > Py(1———) |, 2-31
’ 2d") °< P05"> (&31)
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where b; are the ion-mobilities and the dimensionless parameter P is defined as
8l<:bT{dl}2 eziC
Py= —ede Z/\/ ~ohF) " 1, (2-32)

and the viscous skin depth 6”7 is defined as

n
n — _
5 e (2-33)

2-2 General diffusion, flow and wave equation

Following Wapenaar and Fokkema [2004] we capture the seismoelectric system in a general
diffusion, flow and wave equation. For non-flowing media this equation reads in the frequency
domain as

iwAw + B + Dy = 8, (2-34)

where 11 is a vector containing space and frequency-dependent field quantities, § is a vector
containing the source functions, A and B are matrices containing space-dependent material
parameters, and Dy is a matrix containing the spatial differential operators. The iw factor
in the first term is the frequency representation of a temporal derivative.

The matrices A, B, Dy the field vector 1 and the source vector § can be defined such that
the system represents diffusion processes, acoustic wave propagation, momentum transport,
elastodynamic wave propagation, electromagnetic wave propagation or coupled elastodynamic
and electromagnetic wave propagation in porous solids. The different systems have different
sizes, the seismoelectric system consists of 22 by 22 matrices and 22 by 1 field and source
vectors.

Substituting the electromagnetic constitutive relations 2-24 and 2-25 into Maxwell’s equations
2-22, 2-23 yields,

iweE + (&6 - ntf(liz) E+ Lk 'w-VxH = —Js (2-35)
iwpH+6™H+V XE = —J™, (2-36)
We define a conductivity that includes the contribution of the coupling coefficient as ¢ =

of— 772:1;_12:. Equations 2-9, 2-10, 2-11, 2-12, 2-35, 2-36 can now be combined to fit into the
following form of the general diffusion, flow and wave equation

iwAf + B+ CDya = C3 (2-37)
where
ﬁt = (Eta I:It7 {‘A’S}tv _{f-l{}ta _{+g}t) _{%g}tv W?ﬁf> ) (2_38)

§ = (I IR (R (RS (REY {ET ) ). (2-39)
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The matrices A, B, C, Dy are defined as

e O O O OO O o0
Op O OO0 O0 0O
OO0 p» 00 o0 p/ o
- OO0 O I O0O0O0UO
A=loo o o100 0] (2-40)
OO0 O OO0OT1I 00
O 0 {p/}¥ 0 0O 0 0 0
ot ot o o o o o 1
&5 O O O O O k' o
¢} ™ O O OO O o0
¢} O OO0 OO O o
- ¢} O 00O OO O o
B= ¢} O OO0 OO O o (2-41)
¢} O 00O OO O o
Lk} O O O O O 7k!' o
o o0 ot o o o o 0
I OO0 O O O O o
OI O 0O O O O o
OO0OI O O O O o
.. | 0 0 0 ¢ e &3 O dy
C=1 0 0 0 ¢y e ¢y O d |’ (2-42)
O O O ¢y €3 ¢33 O ds
O 00O O O O 1I o
ot ot o d d, dy o M
O D, O O O O O o0
D O O O O O O o0
O O O D, D, D; O 0
| o o bpb O O O O o0
Dx=1 0 o pD, 0 0 0 0 0 (2-43)
O O D; O O O O 0
O O O OO 0O OV
o0 ot o o o o V' 0
Where
0 —83 82 8j 0 0 a1
D(): 83 0 —81 s Dj: 0 8j 0 and V = 82 (2—44)
—8, 9 0 0 0 9, D3

The empty parts of these matrices are filled by appropriately sized null matrices O and null
vectors 0. Finally, to match equation 2-37 to equation 2-34, we define A = C1A and
B=C"'B.
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2-2-1 Symmetry properties of the general diffusion, flow and wave equation

The matrices in the general diffusion, flow and wave equation obey symmetry relations. Using
transposition symmetry of the material parameters in matrices A and B discussed in previous
Sections, we find

KoA'Ko=A and K(B'K;=B, (2-45)

where K is defined by
Ky =diag(-1,1,1,-1,-1,-1,1,-1). (2-46)
The matrix Dy containing spatial derivative operators obeys

KoDxKo = —-Dy = —DL. (2-47)

2-3 Boundary conditions

D,

n

Figure 2-1: Perfectly welded interface with normal vector n between two media D and Dy with
different medium properties.

At interfaces were the medium parameters change, we need boundary conditions to solve
for the fields at either side of the medium, see Figure 2-3. In general, an interface can
be non-perfect or contain sources. For simplicity we treat two cases, a perfectly welded
source free interface and a source level in a homogeneous subdomain. For the boundary
conditions across a source-free interface we have the open-pore boundary conditions from
Deresiewicz and Skalak [1963]. In the time domain we have

Normal and shear stresses in the bulk, ’Tg, are continuous.

Normal stress in the fluid phase, pf, is continuous.

Normal and horizontal velocities in the solid, v®,  are continuous.
Normal component of filtration velocity, ws, is continuous.
Tangential electric field, Eg, is continuous.

Tangential magnetic field, Hp, is continuous.

All these quantities are contained in the field vector q, given by

a = (= ()" (Bt () . (). (2-48)
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where ,
T13 Uf
Tg = 7'53 7V8 = US ,E = < gl > ,Ho = ( _}2, > (2—49)
b s 2 1
733 Us

We see in Chapter 3, how the components of this vector are decomposed in upgoing and
downgoing waves. In Chapter 4 how we make use of these boundary conditions to derive our
scattering formalism. The boundary condition on the field vector q for source free interfaces
at w3, between upper medium n and lower medium n + 1 can be written as,

lim r3) — lim z3) = 0. 2-50

z3lT3,n Q{n+1}( ) z3123,n Q{n}( 3) ( )

Across a level x3 ¢ containing sources, the field vector q does not remain continuous, but

instead experiences a jump. The jump condition is defined by the source vector d, from
below the source level gq° to above the source level g%,

lim q’(z3) — lim q“(w3) = d(zs,). (2-51)

z3 |3, w3123,

The source vector d is defined in chapter 3.

2-3-1 Boundary conditions at the pressure-free surface

We use vacuum to approximate air in simulations containing the earth’s surface. In vacuum
the normal and shear stresses are zero. To solve for the scattering matrix of a porous medium
against vacuum, see Section 4-5, we need a special set of boundary conditions. There are no
seismic waves and only electromagnetic waves propagate across the pressure-free surface and
in vacuum. At the pressure-free surface we have

Normal and shear stresses in the bulk, ‘rg, are zero.

Normal stress in the fluid phase, pf, is zero.
Tangential electric field, Eg, is continuous.
Tangential magnetic field, Hp, is continuous.
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Chapter 3

The seismoelectric two- and one-way
wave equations

In this chapter the seismoelectric one- and two-way wave equations are introduced. We
consider horizontally, piecewise homogeneous, layered isotropic media. In those media the
two-way wave equation can be rearranged into two independent modes of propagation. In
the SH-TE mode, the horizontally polarized shear waves couple to the transverse polarized
electrical fields. In the P-SV-TM mode, the pressure waves and vertically polarized shear
waves are coupled to the transverse polarized magnetic fields. The two-way wave equation
equates the vertical variations of the continuous field quantities in q, as a function of the
horizontal derivatives, contained in A, of the continuous field quantities and a source vector
d. In the frequency domain the two-way wave equation is given by

834 = Aq + d. (3-1)

The one-way wave equation contains the field quantities of the two-way wave equation de-
composed into upgoing and downgoing waves. The wave vector p contains upgoing and
downgoing waves, the matrix B contains the eigenvalues of A and connects the upgoing and
downgoing waves. The sources are contained in the one-way source vector b. In the horizontal
wavenumber-frequency domain the one-way wave equation is given by

d3p = Bp + b. (3-2)

We derive the decomposition matrix L~! and the composition matrix L for the SH-TE mode
of propagation in the horizontal-wavenumber frequency domain. We further derive one-way
wave extrapolators in a homogeneous subdomain by diagonalizing the matrix A. At the end
of this chapter we consider the electromagnetic system in vacuum. We connect upgoing and
downgoing waves through a reflection formalism in Chapter 4.
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3-1 Two-way wave equation

We rearrange the seismoelectric system of equations given in Chapter 2 such that we express
the vertical derivatives as a function of the horizontal derivatives. To this purpose we eliminate
the field quantities that are not continuous over a source-free interface. According to Section
2-3 we capture —Tf’3, —7'53, —ng,p, Eq, F>,vf,v5,v3, w3, Hy, —Hy in the field vector q. The
complete derivation for a isotropic medium starting from the equations of motion 2-9, 2-10,
the stress-strain relations 2-11, 2-12 and the electromagnetic equations 2-22 and 2-23, is given
in Appendix A.

We define the effective electric permittivity é = € + iée and the effective magnetic

permeability i = p + %&m = pp. We also include the coupling coefficient in the effective

¢ — ppl2. We define the effective fluid density pf = ﬁ and a
f 2

complex density p¢ = p® — (/;E) .

electric permittivity £, =

We find the seismoelectric two-way wave equation
954 = Aq + d. (3-3)
The field vector q and the source vector d are defined as

£ — iwpf%(safg + %3aRa5fl%

~b rf 1 pAngs
Nk fs = iw&ﬁ%*]; ‘
p IFs,m a1 1 7s.e
g _JO’ B ( > Twé J37
él = ]:]2 and d= O b ?? C b : : (3_4‘)
\f }Al3 + €33 esahy,
Iqé)Ig —85%]“5 + %I‘tﬁhg +q"
0 . R Do .
S N S AT

In d,
(eﬂ)kl = ejjkl = S&ijdkl + N (5ik6jl + 6z‘l5jk) , (3-5)
in which
s—ks 2y & (3-6)
=Ko —3 i -
and we define
Rus = €ap — €a3es; €35, (3-7)
ro, = 0,— ea3e§3153. (3-8)

The vectors J 05, J o, 8; and v, are given by

5 01

Is,e Js,e Is,m jS7m 51
Jd = < jls,e )7-]0 = < _3s,m > 761' - 521‘ y Vi = < (5; ) . (3_9)
2 ! 03 '
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We have eliminated the fields 7%, 78, E3, H3, wy and wo. The source quantities .J5°, J3™,
flf , fo , hy and hy are still contained in the source vector d. The eliminated field quantities
can simply be calculated from quantities in q according to,

. 1 . . . .
By = —— (0o — oy My — L~ J5°). (3-10)
WEe L k
; 1 . . .
Hs; = - <82E1 — 01 B — J§m> ; (3-11)
iwfio
k .
o= (ff = 019" — iwpl o) + LEy, (3-12)
k /o .
iy = (-0 —iwplis) + Ly, (3-13)
Ab 1 d
-T] = E 1lhl +zw—51p — ellalv y (3‘14)
1 d
~b
_ = h? —Jop! — -1
T2 oy ( exhy +iwo 2P’ — endv ) (3-15)
The matrix A is composed as
5 A Ap >
A= ( f f , 3-16
Axr A ( )
where after substitution of equations A-34 - A-53 we find,
f ‘ 4
0 0 —a(g) Lw0—0 (i) —iwo’L 0
f . 4
A 0 0 —&(g) Led—8 (e 0 —iwplL
All = —31 —82 0 O 0 O 5 (3—17)
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
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(3-19)
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0 0 0 -8, 0 0
0 0 0 -8, 0 0
) - (&) ~(&)e 0 0 00
A22: pf ‘ 2dN pf ‘ 2dN ) (3_23)
on (- - fio o (Lo )~ 3o 0 0 00
iwpl L 0 0 0 00
0 iwpl L 0 0 00
where
S+ N
vy = 4N( Kc ), (3—24)
—on(2) and (3-25)
vy = K. an _
K, = S+2N. (3-26)

3-1-1 Symmetry properties of the two-way system matrix

The matrix A obeys similar symmetry properties as the matrices A, B and Dy in the general
diffusion, flow and wave equation of Section 2-2. The matrix A obeys [Wapenaar, 1996]

ANy = -NoA  and  A'My = —MA". (3-27)

The time domain equivalent of the medium state A" is a medium with time-reversed medium
parameters, i.e., a lossy medium becomes effectual. The matrices Ny and Mg are given by

N0:<_? {;) and M0:<IO Ig) (3-28)

where I, is the identity matrix of size n. For the seismoelectric matrix given in Section 3-1
we have n = 6. The SH-TE system of Section 3-4 has n = 2 and the separate TE and SH
systems each have n = 1.

3-2 Decoupling of the SH-TE and P-SV-TM systems

In a stratified earth there are two independent modes of propagation. The system can be
decoupled by using a cylindrical coordinate transformation [White and Zhou, 2006], or to
defin line sources. Interferometric Green’s function recovery requires source coverage over
large volumes and surfaces. Therefore we define line sources in the z9 direction. This sets all
derivatives with respect to xo to zero, do = 0. With that, we rearrange the matrix A such
that it decouples into a block diagonal matrix of two sub matrices,

95 = Aq +d, (3-29)

where

. A o ) . ( Qsht > A ( dsnt )
A ( shie , —( Qme ) and d=( S ) (330
(0] Aps’utm q qpsvtm dpsvtm ( )
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We choose the order in the field vectors qgpe and Qpsvim such that they represent the orig-
inal order in the field vector q. In that way, the sub matrices Ashte and Apsytm exhibit
the same symmetry properties of the original matrix A.  Alternative arrangements can
be chosen [Haartsen, 1995], [Haartsen and Pride, 1997], [van der Burg, 2002], [Shaw, 2004],
[White and Zhou, 2006], such that the sub matrices .Ashte and Apsvtm become anti-diagonal.
This simplifies the linear algebra methods that are employed to decompose into upgoing and

downgoing waves [Ursin, 1983], but we show in Appendix B that this is not strictly necessary.

We find

. N\t
flshte - (_%537 EQ) 1}57 _Hl) ) (3_31)
élpsvtm - <_7A-{)37 _%?l:37]37 E17®f7@§7ﬁ)37ﬁ2> ) (3_32)
0 —iwpl L —iwp® + 5 (01 (NOr+)) 0
N 0 0 0 )
Asnte = | _j L 0 0 o | (333)
0wzt L (o (o)) iwp! £ 0
/\f . A
0 ol (Kic) S—Eal — 0 (%) —iwp! L
-0 0 0 0
0 0 0 0
. 0 0 0 0
-Afpsvtm = —iw% 0 0 0
0 —iw g e 0
Z'LU7M(}<C —w (M(%72Kc + ﬁ) + 01 <ﬁ61> —01 (ﬁ)
0 0 0
—iwp® + = (O (ndr) 0 0 0
0 —iwp? —iwp! 0
. . A~ E 4 ©E 4
0 —iwpl  —iwp? (1 + %£2> g—ﬂﬁal
pE 5 ; 1 1
0 0 -0 <§—L£~> —iwpio + 7501 <§81->
0 -0 0 0
~ 2o 0 0
f 2dN
o (L) - 3o 0 0 0
0 0 0

The decoupled source vectors are given by

p %
" js,m
dshte = PR A (3‘35)
e
Iy — Lf] + o g5

iwfto

A f ~ ~ A~
- ff - LN <h12 + h21>

(3-34)
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and
A f A
= %f{ — =0 (2Nh11 + <S - 7) (hn +h22))
-
f3 ﬁJ; e
7s ,m 7s ,€
apsvtm = _J2 ~ 81 Msﬁ J3 (3_36)
h3i +hi3
hss + (Ki (hn + h22)
ql - liwlf)E 1f
I - Lff

In the remaining of Part I we only consider the SH-TE mode, therefore by default we refer
to the SH-TE system when we omit the subscript g,z in the matrix A, field vector q and
source vector d.

3-3 One-way wave equation

We give a short summary of one-way wave theory, for a more thorough treatment, see
Wapenaar and Berkhout [1989].  Starting from the two-way wave equation 3-1 in the
horizontal-wavenumber frequency domain (see Section 1-5-1), we diagonalize the system ma-
trix A 3-37. Matrix L is a matrix whose columns are the eigenvectors of the system matrix
A, the diagonal matrix H contains the eigenvalues of the system,

H=L'AL. (3-37)

The field vector q transforms into the vector p, upon multiplication by L~!. Similarly the
source vector d transforms into the vector b. We have

d=Lb and q=Lp. (3-38)
Inserting equations 3-38 and 3-37 into the two-way wave equation 3-1 we obtain
d3p = Bp + b, (3-39)
with the one-way first oder differential operator
B=H-L 5L (3-40)

The general solution of equation 3-39 reads [Wapenaar and Berkhout, 1989]
P(r3) = W(x3,730)P(730) +/ W (3, 2%)b(x5)dxs, (3-41)
3,0
were W(xg, x3,0) is defined by

00
:E — X ~
.1‘3, .173 0 Z 3 3 0 Bm (13370) (3—42)

m=0
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and C,, is recursively defined as

Boi1(30) = 03B (3) + B (23,0)Bi(x3,0), (3-43)

3,0

where

Bo (1’370) =1 (3—44)

3-3-1 Homogeneous source-free subdomain

For the special case of a homogeneous source-free subdomain, the solution to equation 3-39
greatly simplifies. We can see that the vertical derivatives in equations 3-39, 3-43 and the
source terms in equations 3-39, 3-41 disappear. We find

dsp = HP, (3-45)

with solution

P(23) = W(xs, 230)P(230)- (3-46)
The matrix W extrapolates the one-way wave fields in p from depth z3¢ to 3. This is only
valid in homogeneous source-free subdomains.

For é@($3,0) in equation 3-42 we find that equation 3-43 simpliﬁesj:o éerl = émél, or
Cn = CT = H". With this simplification of C,,, we may represent W(z3,x3,) in equation
3-46 symbolically as

W(.T}3, 1'3’0) = exp {H(l’3 - $370)} . (3—47)

We show below that due to our choice of the structure of matrix L, the eigenvalue matrix H
has a structure

-~ +
- " Y , (3-48)
0 H
where H~ = —H . Hence the wavefield extrapolator matrix W has a similar form
yTas
w= ("W Y ). (3-49)
0o w

We can see that according to 3-47 and 3-48 we have

Wies,21) = (Wi, ZQ))_I. (3-50)

We now see how the matrix L~! decomposes the two-way field quantities into upgoing and
downgoing waves, therefore we refer to the matrix L and L~! as the composition and decom-
position matrices respectively. The one-way wave and source vectors are written as

f,:<§f> and f):(Ef). (3-51)
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3-3-2 Symmetry properties of the one-way system matrix

We do not perform flux normalization on our decomposition matrices, but choose a velocity
normalization or electric field normalization instead. However, in homogeneous subdomains,
the one-way system matrix B still obeys a very similar symmetry relation as the two-way
system matrix,

B'No=-NoB  and  BJy=-JB". (3-52)

Where the matrices Ny and Jg are given by

o I, (1, ©O
v=( 9 %) wa a=(5 9 (353

where I, is the identity matrix of size n. For the seismoelectric matrix given in Section 3-1 we
have n = 6. The SH-TE system of Section 3-4 has n = 2 and the separate TE and SH systems
each have n = 1. The symmetry properties given in equations 3-52 are symmetry properties of

w2

the operator H = 4/ o k2. These are discussed by Wapenaar [1996] and Grimbergen et al.

[1998]. The time-reversed operator H* is given by a time-reversed propagation velocity ¢*,
defined in the time domain in a medium with adjoint medium parameters.

3-4 Seismoelectric decomposition for the SH-TE system

In Section 3-2 we derived the system matrix A for the SH-TE coupling mode, see matrix
3-33. In the horizontal-wavenumber frequency domain A is given by

0 —iwpl £ —iwpr+ BN 0
~ 0 0 0 — W
A= it 0 0 0 (3-54)
AN ik? 1 . A
0 —iwé + 71% iwpf L 0

The solutions to the eigenvalue problem are contained on the diagonal of H. In Appendix
B we derive the wave velocities, the eigenvalues and eigenvectors of matrix .A. Horizontally
propagating waves have zero vertical slowness and follow from the trivial solution of the

eigenvalue problem. There are 4 roots to the zero-eigenvalue problem,

2 5 )2 MO(fA)g
62—N+Euoi\/(N a,u0> 4N plL) . (3-55)

The plus sign is associated with the velocity of the SH-wave, ¢g,, and the minus sign with
the velocity of the TE wave, ¢, as can be seen when the coupling coefficient is set to zero,
L=0.

In Appendix B-2 we derive the non-zero eigenvalues of the seismoelectric SH-TE system.
There are 4 non-zero solutions to the eigenvalue problem that represent plane wave solutions
each propagating with a non-zero vertical slowness as eigenvalue. All four non-zero eigenvalues

have the form of 17:{25 = :Fi7:{w, with 7:(w = */?72 — k%, where ¢, is the velocity of either a
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shear horizontal (w =

sh) or an transverse electric wave (w = te). We have to choose

the branch of the square root such that propagating waves decay. The real part of the
exponentials in equation 3-47 need to be negative for propagating waves. Thus we choose

Jm{ Wt k%} < 0. We find for the eigenvalue matrix,

&

iHL 0 0 0
. 0 iHL 0 0
"= 0 0 iH, O (3-56)
0 0 0 iH,

The arrangement follows from our eigenvector arrangement in the matrix L and is chosen such
that we decompose our two-way wave fields into shear waves and electric waves, respectively,
downgoing and upgoing.

For a general eigenvalue 27:{35 we find a general eigenvector at
+ M g
a=| | (3:57)
How 1 ¢
T s
with N
. e . (= 0°)
,UDP Cte
§ h = 7= and ét B — (3'58)
T (Bpo - §h) ‘ prL

We arrange the eigenvectors into LasL = (éjh,éfe,é;h,é;). With that, the composition
matrix is given by

By BN v e
i _ fih %e fih %e (3-59)

%ﬁéh 73 iéte —ﬂ;”’ iésh _%iée

The decomposition matrix is found inverting equation 3-59,
o, )

f_ 1 ot S B (3-60)

2 (ésh - éte> T % L —&e —5 10

—;tegﬁ ~1 & o Ho

The decomposition matrix is normalized to the particle velocity ©35. Alternative normal-
izations, for example power-flux normalization, are discussed by Haartsen [1995]. One-way
reciprocity theorems would require power-flux normalization [Wapenaar, 1996] because the
one-way formalism has to be energy conservative for reciprocity to hold. We use reciprocity
relations based upon the two-way field quantities in 1 and q so the normalization of L is
arbitrary.
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The one-way wave vector and one-way source vector are given as

~ +
p:h lZsh
~ ]5-"- ~ b-‘r
p=| .t and b= | - (3-61)
b
Psh sh
pte ;e

For the wavefield extrapolator matrix W in a homogeneous source-free subdomain we find

eiﬂg_h(xi”_mlo) 0 0 0
N 0 eiﬁ;re(azgfxg,o) 0 0
W(‘T?))w?)yo) - 0 O eiﬂ‘s_h(zS*x?),O) 0 (3_62)
0 0 0 etMie(@a=23,0)

3-5 The seismoelectric system in vacuum

The air cannot sustain shear stresses and we neglect pressures. There is no linear seismo-
electric coupling in the air and we approximate air by vacuum. The dielectric permittivity
is € = ¢p. There are only two equations left that represent the TE waves in vacuum. The
matrix A reduces to a 2 x 2 matrix, see Appendix B-4-2. We have the two-way wave equation
of the TE system in vacuum as

q=Aq+d, (3-63)

. 0 —i
a- L) 364

J
- ) 3-65
() 0

3-5-1 Diagonalization in a homogeneous source-free subdomain

with

L
|
7N
|
=
N———
&
=
(oW
Qi
Il

We diagonalize the system matrix 3-64 in a homogeneous source-free subdomain

H=L'AL. (3-66)

The zero-eigenvalue problem confirms the velocity of electromagnetic waves

(3-67)

For the non-zero eigenvalues we find

ﬂ:<m+ ! ) (3-68)
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The general eigenvalue iH* = FiH with H = £/ ‘;’g — k2 corresponds to a general eigenvector

a® given as
- 1
at = ( LA ) (3-69)
w Ko

which has been normalized to the electrical field in the zo direction. The different normaliza-
tion of the eigenvectors in vacuum and in the porous medium is of no consequences as long
as we work with composed field quantities. All normalizations are captured in the reflection
and transmission relationships as derived in Chapter 4.

For the composition and decomposition matrices L and L' of the TE system in vacuum we
again choose L = (a™,a™) and find

. 1 1 -, 1 (1 «L

L= L 1 and Lt=_ Hpoo ) (3-70)
A AL ) 1 —« L
o w po H Ho

Application of L™! on the field vector q and source vector d, leads to

ﬁ:<§f> and 5:<§f> (3-71)

In a homogeneous source-free subdomain we can extrapolate upgoing or downgoing wave-fields
with the wavefield extrapolator

B eiﬁ"'(:pgfxg,o) 0
W(z3,230) = - . (3-72)

Il

0 elH_(:Bgf.’Egyo)



Chapter 4

Seismoelectric modeling using
reflection formalism.

In this chapter we introduce a reflection formalism for simulation of reflection and transmission
experiments in horizontally stratified media. We start by defining local and global reflection
matrices and show how the global reflection matrices can be calculated from the local medium
parameters. Then we provide a general description of the relationship between upgoing and
downgoing waves in a homogeneous, but bounded, subdomain with a source. We also show
how the field can be propagated to a neighboring bounded source-free subdomain. In these
descriptions we only use medium parameters, local and global reflection matrices, thereby
avoiding the use of transmission matrices. The first to give the procedure for the scalar
global reflection coefficient of a three layer medium was Airy [1833], this was later written
in matrix form. To our knowledge we are the first to extend this procedure to calculate the
response of a source buried inside a stack of layers. Examples of seismoelectric responses
calculated with the equations derived in this chapter are provided in Chapter 5.

We use a right handed Cartesian coordinate system with z axis positive downward. Subdo-
mains are labeled D,,, with n denoting the layer number. A subdomain I, is bounded below
by interface labeled n, with z coordinate z,. The upper half-space is vacuum, this subdomain
has label Dy, the associated pressure-free surface has z coordinate zg. The lower half-space is
numbered Dy. See Figure 4-1. All derivations are performed in the horizontal wavenumber
frequency domain.

4-1 Local and global reflection matrices

Our reflection formalism is based upon the use of reflection matrices. The local downgoing
reflection matrix of interface n at depth z,, below layer n and above layer n is defined as,

Py (2n) = T (20)Py) (2n). (4-1)
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Air Do
. ZO
Porous Medium D
Zy
Dn
z
n
Dn+1
Zn+1
ZN-2
DN-1
N1
DN

Figure 4-1: Layer and interface annotations: Subdomains are labeled D,,, with n denoting the
layer number. A subdomain D,, is bounded below by interface labeled n, with z coordinate z,.
The upper half-space is vacuum, this subdomain has label Dy, the associated pressure-free surface
has z coordinate zg. The lower half-space is numbered Dy .

The local upgoing reflection matrix of interface n — 1 at depth z,_1, below layer n — 1 and
above layer n + 1 is defined as,

P,y (2n-1) = £, (2n-1)Py, (2n-1)- (4-2)

The z dependence of the reflection matrices is explicitly mentioned, because these reflection
matrices can be extrapolated in homogeneous source-free subdomains to different depth levels
where they still connect the same upgoing and downgoing waves. The local reflection matrices
strictly only account for one reflection at one interface.

We define a global reflection matrix that accounts for all multiple scattering behind the locally
reflecting interface. For the global downgoing reflection matrix we have,

Pr (2n) = Ry} (20)Py (2n), (4-3)

and for the global upgoing reflection matrix

IS;’L_ (zn—-1) = R;, (20—1)Py, (2n-1)- (4-4)

It is important to note that these global reflection matrices include all multiple reflections
of the incoming wave. Not included are waves coming from sources below or above the level
at which the global downgoing or upgoing reflection matrix is defined. Also excluded are
secondary incoming waves. For example, incoming waves that have been reflected by the
global downgoing or upgoing reflection matrix defined at a certain reference depth level and
that are reflected above or below that certain depth level to return at the reference depth level.
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However, all phenomena can be included in the calculations if we follow a certain scheme as
outlined in Section 4-6.

In homogeneous source-free subdomains we can extrapolate local or global reflection matrices
away from the interface using the extrapolators as defined in equation 3-49. For the incident
and reflected wave-fields in the global downgoing reflection matrix 4-3 we have,

f);(z) = W (szn)f);(zn)v (4'5)
pi(z) = W' (z2)B) (za). (4-6)

Substituting equations 4-5 and 4-6 into equation 4-3 we have

W (2. 20)B;, (2) = R} (2a) W (2, 20)D5; (2). (4-7)

We rewrite equation 4-7 making use of the symmetry property of the wavefield extrapolator
in equation 3-50, as

By, (2) = W' (2, 2)R}; (20)W (20, 2)B (2). (4-8)

We recognize that we have for R,, at a depth z in homogeneous subdomain D,,,

Ty 2R (20) W (2, 2). (4-9)

Ri(z) =W
The result in equation 4-9 shows how a downgoing reflection matrix can be extrapolated in a
homogeneous subdomain. For the upgoing reflection matrix in the same layer we can follow
a similar derivation and find,

R, (2) =W (zn_1,2)R,, (2n_1)W (201, 2). (4-10)

4-2 Calculation of global reflection matrices

We need to calculate the global reflection matrices from the medium parameters in regions
outside the layer with the source. To this aim we write the boundary conditions from Section
2-3 of an interface n,

lim @,41(2) — lim g,(2) = 0. (4-11)

zlzn zTzn

The layer n 4+ 1 does not contain a source, thus evaluating the limits we can write,

Qn(zn) = (in—&-l(zn)a (4—12)

we substitute q, = Lp,, and find,

Lnf)n(zn) - Ln—i—lf’n-ﬁ-l(zn)- (4'13)

We split the composition matrix L into the columns that multiply into p* and that multiply
into p~ according to,

Lbn(2n) = Ly By (20) + Ly By, (20)- (4-14)
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With the definitions of the columns in L for the SH-TE system given by the general eigenvector

+

. in Section 3-4 we have,

a
LT = (a},.a}), (4-15)
L™ = (a,,.4,). (4-16)

The next modification is to rearrange the components of the general eigenvector a;- such that
the first two do not change sign for upgoing or downgoing waves and the last two do change

their sign,
+ a’
(3. (4-17)

|2

For the SH-TE system we have,

at=| 9 |. (4-18)

These modifications define a composition operator written as,
N L't L'~ L't L7
L= < L+ L= ) - ( L+ _I'+ ) . (4'19)

We can omit the superscript © in the right-hand side of equation 4-19. Implementing this
rearrangement into equation 4-13 gives,

f-‘%f’;{(zn) + i‘;f’;(zn) = L;“Hrlf)jz_—&-l(zn) =+ i‘;&lﬁ;—&-l(zn)a (4_20)

]:Zf)f{(zn) - f-‘ﬁf’;(zn) = ]?-‘Z+1f’:zr+1(zn) - LZ+1I~);+1(Zn)' (4-21)
Using the definition of the global reflection matrix 4-3 we have,

P, (zn) = f:ii(zn)f)fl(zn)y (4-22)
Poii1(zn) = R::H(Zn)f’:H(zn)? (4-23)

substituting 4-22 and 4-23 into equations 4-20 and 4-21 gives,
Ly (TR () B () = Ll (T4 R (20) (4-24)

L (1= Ry () ) Bl (2) = Ly (T- R (o)) (4-25)
Now we can solve for R;}(z,) as a function of R, 41(2n). We find,

R o) = [ (L~ £1) + (B E0) R e (£ 4 £2) o+ (Bl ) R ]
where we defined, (4-26)

~ .~ 1—1 .
L= [L] L, (+-27)

=/ =1y
L = [Ln} (" (4-28)
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Note that we have,

R (z0) = W (Zart, 20)RE Gas )W (201 20).- (4-29)

Equation 4-26 is a matrix form of the equation given by Fokkema and Ziolkowski [1987]. With
equation 4-26 we can calculate the downgoing global reflection matrix in any layer starting
from the bottom interface N — 1, where R;(ZN) = 0. In that case equation 4-26 reduces to
an expression for a local reflection matrix of interface n,

7 — [L/ B L//} [L/ n L//} -1 ‘ (4-30)

n n n n n

Equation 4-26 can be cast such that we recognise the local reflection matrix, like in the scalar
version given by Fokkema and Ziolkowski [1987], we can write,

—1

Ryt (20) = [F () + (L + L) Ry (L + L) 7] [T+ (L, - L) RiE, (L + L)
(4-31)
To calculate the upgoing global reflection matrix, we simply switch the geometry vertically

and start our recursion formula with the local upgoing reflection matrix of the pressure-free
surface.

4-3 Homogeneous bounded subdomain with sources

In a homogeneous layer n we have a source at source level z;, which does not coincide with
the interfaces bounding the layer. We need to distinguish between the wave fields above the
source level with superscript ¢ and below the source level with superscript . The upper
bounding interface is at z = z,_1 and the lower bounding interface at z = z,.

From the boundary condition equation 2-51 in Section 2-3 we have,

lim % (2) — lim @%(2) = d(zs). (4-32)
zlzs 2Tzs
If we now apply the decomposition operator Ly, to the two-way fields in equation 4-32, we
find the jump condition in one-way wave quantities. Substitute q,, = L,p, and d = L, b into
4-32 and evaluate at the limits. We arrive at,

L, P} (z5) — Lup(zs) = Lyb(zs). (4-33)
If we d1v1de L,, out of the equation, we arrive at two relationships between pLt, po, f)?ﬁ
and pn_ as a function of the decomposed source terms bt and b~ at Zs,
Pit(z) = Put(z)+bT(2), (4-34)
Py () = Py (2) + b7 (2), (4-35)
together with the definitions for the global upgoing and downgoing reflection matrices,
Py (z) = RE(z)pn7 (20), (4-36)
13%4_( s) = R_( )f)gz (Zs)' (4'37)
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We defined f{f{ and f{g under and above the source level, respectively, they cannot be ex-

trapolated across the source level using equations 4-9 and 4-10 . We can solve this system for
13277 f)lle P I~)n7 and ﬁ%’i, this giVGS

() = [I-RIGIR, ()] :Rmzs)la* SRR, (b ] . (489)
B () = [T R, GORI()] B~ Ry ()b, (4-39)
() = [T-RIGIR, ()] [RGB —B], (4-40)
PN (2) = [I- Ry ORS ()] [RaGORS (0B Ry ()b | (441)

Note that equations 4-38 and 4-39 satisfy equation 4-36 and equations 4-40 and 4-41 satisfy
equation 4-37. This set provides the basis of our modeling schemes that incorporate multiple
scattering.

4-4 Determination of the wave fields outside the source layer

We need an equation that relates the upgoing and downgoing wave field amplitudes in two
adjacent layers n and n + 1 that can be used to propagate known wave field amplitudes in
layer n across interface n to layer n + 1. Following the same procedure as in previous Section
4-2, we start from the boundary condition at a source-free interface below the source level,

1iim An+1(2) — liTm an(z) =0. (4-42)

Again we substitute @, = Lp, into the boundary condition, and we evaluate the limits,

f‘n+lf)n+1(zn) - f-‘nf’n(zn) (4_43)

We reverse the left-hand and right-hand sides of this equation, and use the re-arranged com-
position matrix L given in equation 4-19 to split the equation. We need only one of the
resulting two equations,

L.,p nPn (Zn) + ann (zn) = ]:;H-If):errl(Zn) + i;z+1f);+1(zn)' (4-44)

We solve this equation for p; +1(2) making use of the definition of L; in equation 4-27. We
find

- ~ =71 ~ -
Pii(z) = [T+ Ry ()| L] [T+ R ()| Bir (). (4-45)
Note again that we have
~ oyt = <+
R:+1(Zn) =W (znt1, Zn)RI+1(Zn+1)W (Zn+1, 2n)- (4-46)

Equation 4-45 can be used to propagate a known downgoing wave field amplitude across
an interface. To obtain the upgoing wave field in the next layer we simply use the global
reflection matrix in that layer according to,

f);wl(zn) = R:«:H (zn)f):fﬂ(zn), (4‘47)

with R 11 n(2n) defined in equation 4-46.
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4-5 Scattering matrix against a pressure-free surface

We approximate the air in the upper half-space of our earths model with vacuum. Only
electromagnetic waves propagate in vacuum and there are no seismic waves. Therefore we
need a special scattering matrix for the pressure-free surface at z = zy. There are two wave
types in the vacuum ﬁ('{ o and Do te> I the subsurface there are four wave types ﬁi sho ﬁfte,
ﬁish and py 4. The scattering matrix is 3 x 3,

ﬁate(ZO) @e re(20) Et_efsh(zo) Et_e—te(zo) Do, te(ZO)
pish(zo) = tsh te(zo) 7"175]1,5]1(20) Tl,shfte(zo) pl Sh(Zo) . (4_48)
pfte(zo) tte te (ZO) Tite—sh(zo) 7nli,tefte(’zo) thg(ZO)

We ignore the definitions of transmission coefficients and follow van der Burg [2002] and Shaw
[2004] to solve for the pressure-free surface local reflection matrix. From Section 2-3-1 we have
at the interface of a pressure-free surface,

0 753
By = B . (4-49)
_Hl air _Hl subsur face

If we want to compose these from the one-way wave types that exist in the vacuum and in
the subsurface we write,

S+
=+ ~+ == Py sn(20)
0 0 5, (20) a4 sh1 Oger Q1 gha Qe 5, (20)
ar Po telZ0 _ a+ ar - T P1telZ0
0,te,1 0 te,1 ~— ( ) - 1,sh,2 1,te,2 1,sh,2 1,te,2 ~— ( ) )
Qg ge.2 Qg te,2 Poet20 ay Qfyeq G, 1 te4 Pa,on %0
SLE, €, 1,sh,4 ,te, 1,sh,4 Jte, ~—
’ Py te (20)

(4-50)
where aojfte’i is given by afz in equation 3-69 and szw’i is given by a® in equation 3-57.
Equation 4-50 is rearranged to mimic equation 4-48,

0 a;Lsh 1 “fte 1 ﬁate(ZO) 0 =Gy g1 01401 15&6(20)
=g 41 aish,z aii_te 2 pish(ZO) = écT,te,l a1 sh2 012 ﬁl_,sh(ZO)
=00 te.2 dishA a;rte A4 ﬁfte(ZO) &(T,te,g Ay sh.4 =01 4es 151_,t6<20)

(4-51)

Using the results of van der Burg [2002], we perform a division with the matrix in the left-
hand side of equation 4-51, we find for the upgoing reflection matrix

T = 1 (P (Fuge + Fowe) e — Fose (o~ Hoge) €a) . (452)
Pt = 1 (Fue (Fiuae + Floue) e —Fage (Fuie —Foe) &), (459
Pote—sh = [1\ (Fron (Fvon = Fose) én = Faon (Fon + Hoge) ) o (4-54)
Forere = (Fua (Fose ~ Hose) e~ e (Fo+ Hose) €0) . (45
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where

A= ﬂl,shéte <7:[1,sh + 7:lo,te> - ﬂl,teésh (7:(1,sh + ﬂO,te) . (4-56)

The first subscript of the operator H denotes the layer under consideration. For example,
ﬂl,w is the square root operator for wavetype w in the first subsurface layer, while 7%07“, is
the square root operator for wavetype w in the vacuum. The upgoing local reflection matrix
at the pressure-free surface that initializes the recursive scheme for upgoing global reflection
matrices in the stack of layers is given in equations 4-55, 4-54, 4-53 and 4-52.

4-6 Seismoelectric modeling scheme

Our seismoelectric simulation scheme is based upon the building blocks derived in this chapter.
The first step is to calculate the global reflection matrices at the boundaries of the source
layer. This is done iteratively, using equation 4-26 or 4-31, starting from the local reflection
matrices at the outer interfaces. For the scattering matrix of the pressure-free surface we
use the equations of Section 4-5. In step two we use equation 4-39 or 4-40 in Section 4-3
to calculate the wavefield in the source layer. We need the wavefield in the direction of the
receiver, at the same side of the source level as the receiver level. Step three is to propagate
the wavefield across the interfaces until we reach the receiver layer, this is done as a function
of the global reflection matrices that we have already calculated in step one. The wavefield in
the receiver layer is completely determined by reflecting the wavefield once, such that we have
both upgoing and downgoing components. A schematic overview of the path of calculation is
given in Figure 4-2.

Air

Porous Medium

IN-1

Figure 4-2: Calculation scheme of the seismoelectric responses of a source buried in a layered
medium. Step 1; iteratively calculate the global reflection matrices, from the outer interfaces
up to the source layer. Step 2; solve the wavefield inside the source layer. Step 3; iteratively
propagate the known field from the source layer to the receiver layer. Step 4; solve the field inside
the receiver layer.



Chapter 5

Examples of seismoelectric simulations
in 2D

In this chapter we give several examples of seismoelectric simulations using the one-way wave
equations of Chapter 3 and the reflection formalism of Chapter 4. We have an exact solution
in the frequency-wavenumber domain, that we compute on a discretised grid and transform
numerically to the time-space domain. When we discretise the wavenumber-frequency grid, we
discretise the source, and introduce a periodicity in the time-space solution. After describing
how we use Matlab’s [X] = £ft(x) and [x] = ifft(X) functions to perform discrete Fourier
transformations, we describe the causality trick that damps the introduced periodicity in
time. In the next section we introduce the media types used throughout this thesis. In the
last section we show the results of a transmission experiment in a homogeneous medium. The
results of a reflection and transmission experiment in a more complex medium containing two
interfaces, the upper half-space being air approximated by vacuum and the lower half-space
being a porous medium.

5-1 Numerical implementation

5-1-1 Discrete Fourier transformations

We start from exact relations in the horizontal wavenumber frequency domain as defined
by equations 1-2 and 1-4. To transform back to the space-time domain we need to employ
equations 1-3 and 1-5. However, we compute the solution along a discrete time and space
axes defined by,

|+

[-NT : NT — 1] At, (5-1)
[-NX:NX — 1] Ax. (5-2)

[
|
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Correspondingly, the angular frequency and wavenumber axes are also discretised,

w = [-NT:NT —1]Auw, (5-3)
k = [-NX:NX —1]Azx. (5-4)
If we substitute equations 5-1, 5-2, 5-3 and 5-4 into our definitions of the Fourier transfor-

mations 1-2 and 1-3 and replace the integrals by summations over frequencies and times,
= nAt, w, = mAw, f(x, f) — £,,(x) and f(x,t) — £, (x) we arrive at

. NT—-1 ‘
£,000 = > £ (x)e i Bent A, (5-5)
n=—NT
1 NT—-1 . )
£, = oo Y Eux)eBeAnmag, (5-6)
m=—NT

Note that we only discretise the time and frequency axes at this point. It is easy to see
that the periodicity of the Fourier kernel is AwAt = Q?V—”T We also have that the angular
frequency is linked to the frequency through w = 27 f (with f the frequency in Hz), so we
have Aw = 27 A f. In Matlab, we cannot use an index to an array that is negative or zero. We
first rearrange the summation to run from 0 to 27, in stead of from —x to 7 used in 5-5 and
5-6, by replacing the negative counters with m = 2NT + [-NT : —1: —1] and then we add
one to the index counters. Changing the range from —m to 7 into 0 to 27, and the reverse, is
performed by the standard Matlab functions [X] = fftshift(x) and [X] = ifftshift(x). We

arrive at

) 2NT

f(x) = Ath v (n=1)(m=1), (5-7)
2NT

[,(x) = Af Zf x)eiznr (nmDm=1), (5-8)

We employ Matlab’s [X] = £ft(x) and [x] = ifft(X) functions, they perform a transformation
of vectors with length N of the form

N

X(k) = Y a(j)e2rmGnE-D, (5-9)
7j=1
1 N

2(j) = NZX (218 /N) (j=1) (k1) (5-10)

If we apply the [x] = ifft(X) transformation to our exact solution in the frequency domain,
we have N, = 2NT = AtlA 7 and we need to apply an amplitude correction to the function
output. We match the temporal Fourier transformation 5-7 to the transformation performed

by [x] = ifft(X) by defining f = Aft This means we have to scale the function return by

ﬁ. Since we use only positive frequencies, we have to padd our array with zeros in the

negative frequencies and multiply the return of ifft(X) by 2 according to equation 1-6. A

similar argument can be made for the spatial Fourier transformation. However, because of

the different sign convention we employ [x] = fft(X)Ato transform back to the space domain.
k

Hence we need to perform an amplitude correction 5.
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5-1-2 Causality trick

If we discretise the solution in the wavenumber-frequency domain, we introduce a periodicity
in the source position in the space-time domain window. This means that events leaving
at the maximum positive recording times return in the solution after traveling through the
negative times. Events leaving the window at maximum offset continue in the negative offsets.
This wrapping effect can be seen in Figure 5-1(a), where we see the response of a fé’ source
recorded by a vj receiver-line after it is propagated over a distance of 150 m. There exists
an exact trick that damps the anti-causal events in our space-time window. We add a small

b s b
fzav fzav
0 T T T T T T T T T 0

005}
01f
015}
02
025

time [s]
time [s]

0.3F
0.35

0.4 \\.///
0451 N
S S
05 NG SRS P R~
-500 -400 -300 -200 -100 0 100 200 300 400 500 -500 -400 -300 -200 -100 0 100 200 300 400 500
offset [m] offset [m]
(a) Events wrapping in space and time. (b) Events wrapping in space, after applying the

causality trick.
Figure 5-1: Wrapping effects in (a) and the results of applying the causality trick in (b).

negative imaginary number to our real frequency array. Using complex frequencies means
that we have a Fourier transformed equivalent of a time function multiplied with a damping
exponential in time (black curve in Figure 5-2). The damping factor is equal to the imaginary
frequency value. The anti-causal events are damped twice, before they reoccur in the positive
time window. We multiply our time domain return of the discrete Fourier transformation by
a growing exponential (blue curve in Figure 5-2) that undoes the effect of the damping that
we introduced in the frequency domain on the causal events (red curve in Figure 5-2). Note
that the curves in Figure 5-2 only show the first order wrap around, the higher order wrap
arounds are damped even stronger. We can get rid of the wrapping in space by choosing a
space interval large enough to encompass the first arrivals in the time interval.
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Figure 5-2: Exponentials in the causality trick: Black curve: damped exact solution in the
frequency domain. Blue curve: growing exponential to correct for the damping. Red Curve:
result after correcting for the damping.

5-2 Medium parameters for medium type A and B

Throughout this thesis we make use of two sets of medium parameters, sets A and B. These
are the same two media types as used by Shaw [2004]. In both media the seismoelectric
coupling is present, but in medium B this coupling is considerably higher than in medium A.
In Table 5-1 we list the properties of the two medium types.

Table 5-1: Medium characteristics of two porous media.

Parameters Symbol  Medium A Medium B
Porosity 1) 40 % 20 %
Fluid density pf 1000 kg m—3 1000 kg m—3
Solid density p° 2700 kg m™3 2700 kg m™3
Bulk Modulus of the solid K3 4-10" N m—? 4-10"" N m—?
Bulk Modulus of the fluid K7 2.2-10° N m~2 2.2-109 N m~2
Bulk Modulus of the framework KIr 4-10° N m—2 4-10° N m~2
Shear Modulus of the framework N 9-10° N m~2 9-10° N m—2
Viscosity n 103 Nsm™? 103 Nsm™?
Relative permittivity of the solid € 4Fm™! 4Fm™!
Relative permittivity of the fluid ef 80 F m~! 80 F m~!
Tortuosity Qoo 3 3
Similarity parameter m 8 8
Electrolyte concentration C 1076 Mol 171 1072 Mol 11
Electrolyte NaCl NaCl

Na™* Cl~
Ton mobility ! b 52:108ms !N 7.9.108ms ! N-!

'from Nabighian and Corbett [1987]
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, Cc . C
4210 em x 10 em
o o
£ Ly
E2 £
2 2
81 8?2
[} ()
> >
0 0
100 200 300 400 100 200 300 400
Frequency [Hz] Frequency [Hz]
Cc C
sh sh
2 2000 2 2000
£, E
= 2
‘c 1000 ‘'c 1000
o °
() [}
> >
0
100 200 300 400 100 200 300 400
Frequency [HZ] Frequency [HZ]

Figure 5-3: Real (blue curves) and imaginary (red curves) parts of the wave velocities. The real
and imaginary parts of the electromagnetic wave speed in medium B overlap.
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Figure 5-4: Loss functions appearing in Sections 7-4 and 7-8; imaginary parts of £ and p¢, real
part of L.

Medium type A corresponds to a clean sandstone, with 40% porosity, containing clean water
with a very low salinity. Medium type B corresponds to the same type of sandstone, but with
a porosity of 20% containing a NaCl brine of 1072 [Mol/l] (a concentration of 584 [mg/1]).
We use equation 3-55 to compute the wave velocities of electromagnetic waves and seismic
waves. In Figure 5-3 we plot the real (in blue) and imaginary parts (in red). Note how the
shear waves have a small imaginary part, but the electromagnetic waves have comparable
real and imaginary parts, implying the strong diffusive character of the electromagnetic field.
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The dispersion of shear waves is a little higher in medium type A then in medium type B.
In Figure 5-4 we plot the loss terms in the SH-TE system that appear in the interferometric
Green’s function representations of Sections 7-4 and 7-8. We only plot the parts that act as
losses in the volume integrals 7-15 and 7-43, the imaginary parts of £ and p¢ and the real part
of L.

5-2-1 Reflection matrices

To complete the characteristics of the medium parameters we show the reflection matrices
that occur for the geometries of this thesis, using equation 4-30 to compute the local reflection
matrix. In figures 5-5 and 5-6 we give the reflection matrices of the interface between medium
type A and medium type B approached from both sides.

The amplitude of the reflection coefficient is plotted versus the ray parameter times the
absolute wave velocity of the incident wave. There exists a very simple relationship between
ray parameter and horizontal wavenumber, given by k; = wpi. The ray parameter is the
measure for the direction of propagation of a plane wave, according to
sin (6
p1 = ( ), (5-11)

Cc

where 0 is the propagation angle and ¢ is the wave propagation velocity. Note in Figures 5-5
and 5-6 how the conversion from an incident shear wave to an outgoing electromagnetic wave
only takes place for very hight angles of incidence. While the conversion from an incident
electromagnetic wave to an outgoing shear wave takes place for a wide angle of incidents.
This effect is even stronger for the reflection against the pressure-free surface interface from
below, see figure 5-7. We use the equations of van der Burg [2002] given in Section 4-5 to
compute the local upgoing reflection matrix of the pressure-free surface using porous medium
type A.

SH -> SH TE ->SH
25
1
2
@ § 15
< =
g% g 1
05
0 0
0 1 2 3 0 1 2 3
P [Csh| P |Csh|
x10  SH—>TE TE->TE
3 1
5 2 5
£ £ 05
€1 g
0 0
0 100 200 300 0 100 200 300
P |Cte| P |Cte|

Figure 5-5: Reflection matrix, from layer type A against B. Horizontal axis is the ray parameter
times the absolute wave velocity of the incident wave, in medium type A.
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SH -> SH TE ->SH
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Figure 5-6: Reflection matrix, from layer type B against A. Horizontal axis is the ray parameter
times the absolute wave velocity of the incident wave, in medium type B.
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Figure 5-7: Pressure-free surface scattering matrix, from layer type A against vacuum.
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5-3 Reflection and transmission experiments

In this section we show examples of a seismoelectrical experiment to familiarize the reader
with the interpretation of electroseismograms. The first example is the simplest case possible;
a transmission experiment in a homogeneous medium. We have one source and at a distance
of 150 meter we place a line of receivers, see Figure 5-8. Blue rays are shear waves and red rays
are electromagnetic waves. We always record two events, event number one, labeled 1, travels
with the shear velocity, while event number two, labeled 2, travels with the electromagnetic
wave velocity. This means that both electromagnetic and seismic sources emit electromagnetic
and shear waves. We use a source that emits a Ricker wavelet S, see equation 5-12, with
center angular frequency wp of 800 Radians, corresponding to approximately 127 Hz. In
Figure 5-9 we see the xo component of the electric field, Eg, recording as a response of a force
source in the zs direction, f ,- In Figure 5-10 we see a recording of the xa component of the
particle velocity in the solid, U3, as a response to an electric current source acting in the xg
direction, J. ; Both events are hyperbolic, however the hyperbolicity of the electromagnetic
event is very small due to the velocity of the electromagnetic wave. Thus we see a nearly flat
electromagnetic event and a hyperbolic shear wave event.

2

A 2 w —w?
SV = —— — . 5-12
Vrug P < 2 ) (5-12)
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Figure 5-8: Experiment geometry of a transmission experiment in a homogeneous medium, 2
events, see text.
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Figure 5-9: Transmission experiment in a homogeneous medium fo — Fs; 1: shear wave or
co-seismic event, 2: electromagnetic wave event.
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Figure 5-10: Transmission experiment in a homogeneous medium —J5'° — v$; 1: shear wave
event, 2: electromagnetic wave event.

Note the similarity between Figure 5-9 and 5-10, they are equal except for a sign
switch. This is a manifestation of source-receiver reciprocity, see Section 7-6,
GV (x4, xp) = —GFL(xp,x4).

The second example is a more realistic geometry corresponding to an aquifer with a brine 100
[m] beneath the pressure-free surface, see Figure 5-11. There are two interfaces in the geom-
etry, thus we have multiple arrivals. The receivers are placed infinitively close to, but under
the pressure-free surface. In the first simulation the source is at an infinitesimal distance
below the receivers. The source and receiver ghosts of the pressure-free surface are indistin-
guishable from their primaries. Figure 5-11 shows the geometry and the primary arrivals,
blue rays are shear waves and red rays are electromagnetic waves, at each interface there is a
conversion and the number of possible rays paths double. Figure 5-12 shows the simulation
of a reflection experiment using a current source, —JQS “in the x5 direction and we measure
the x9 component of the velocity in the solid, v3.
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Figure 5-11: Experiment geometry of a reflection experiment above an aquifer.
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Figure 5-12: Reflection experiment above an aquifer, 5 events see text.
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In figure 5-12 we see 5 events, the labels correspond to the ray paths in figure 5-11. Flat
event labeled '2/4’ is the combination of all rays that only traveled as an electromagnetic
wave. Event 1’ is the direct shear wave emitted by the electrical source that travels along the
surface. Event ’5/6’ is the combination of the converted waves at the interface. The strongest
component leaves the source as an electromagnetic wave and converts at the subsurface
interface everywhere simultaneously, the result is a vertically upgoing almost plane wave. It
arrives at the one-way travel time of the subsurface interface. If we write travel-time, we
mean shear wave travel time really. Because the travel time associated with the propagation
of an electromagnetic wave is negligible on this time scale. Event '3’ is a shear wave emitted
from the electrical source and reflecting at the subsurface interface. It arrives at two-way
travel time of the subsurface interface. Event ’5/6m’ is the multiple of event ’5/6’, it made a
full shear wave multiple between the two interfaces, and therefore arrived at two-way travel
time after event '5/6’.

For the second simulation we place the source 50 meter beneath the subsurface interface. In
figure 5-13 we show the geometry together with the primaries. In figure 5-14 we see 7 events,
the labels correspond to the ray paths in figure 5-13. Event '2’ is the combination of all the
rays that travel purely as an electromagnetic wave. Event '3’ is the arrival of the transmitted
conversion on the subsurface interface. Event "1’ is the co-seismic electrical field of the direct
shear wave. Event '1m'’ is the manifestation of the electromagnetic wave that is created when
the direct shear wave hits the pressure-free surface. It is really a multiple of event '1’, and at
zero offset it coincides with its primary. Event '3m!’ is the multiple of event ’3’, it arrives at
two-way shear wave travel time of the subsurface interface. Event '1m?’ is another multiple
of event ’1’, it made a full shear wave multiple between the two interfaces. Event '3m?’ is the
second order multiple of event ’3’.
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Figure 5-13: Experiment geometry of a transmission experiment in an aquifer.
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Figure 5-14: Transmission experiment in an aquifer, 7 events see text.
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Interferometric Seismoelectric Green’s
Function Recovery






Chapter 6

Theory of interferometric Green’s
function recovery

In this chapter we introduce the interferometric Green’s function representation for the general
flow, diffusion and wave equation as derived by Wapenaar et al. [2006] from the reciprocity
theorems of Wapenaar and Fokkema [2004]. By writing the interferometric Green’s function
representations for the general flow, diffusion and wave equation, it went beyond the scope of
elastodynamic wave fields by Wapenaar and Fokkema [2006]. It validated the representations
for the electromagnetic wave field [Slob et al., 2007] and representations for a diffusive system
[Snieder et al., 2006]. Moreover, it provided interferometric Green’s function representations
for the coupled elastodynamic and electromagnetic wave-fields, that are the subject of Chapter
7. For simplicity, we only consider the theory for non-flowing media, but by Wapenaar et al.
[2006] it has also been derived for flowing media.

A reciprocity theorem interrelates two independent states in one and the same domain
[de Hoop, 1966], [Fokkema and van den Berg, 1993], the basis for reciprocity theorems is
the theorem of Gauss. In Section 6-1 the scalar theorem of Gauss is modified to apply
to vectorial systems of arbitrary lengths. The results are used to derive a convolution-type
reciprocity theorem in Section 6-2 and a correlation-type reciprocity theorem in Section 6-3.
The convolution-type reciprocity theorem leads to the well-known source-receiver reciprocity
relation, for the special case in which both states have the same medium parameters. The
correlation-type reciprocity theorem is modified using the source-receiver reciprocity to find
an interferometric Green’s function matrix representation.

6-1 Matrix vector representation of the divergence theorem of
Gauss

Reciprocity theorems are derived using the theorem of Gauss. For a scalar field a = a(x) in
domain D bounded by a boundary 9D with outward pointing normal vector n, see Figure 6-1,
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the divergence theorem of Gauss reads

/aiadgx:j{ an;d*x. (6-1)
D o

In the derivations of reciprocity theorems we need a divergence theorem for the matrix Dy

n

oD

Figure 6-1: Scalar field a = a(x) in domain D bounded by D with outward pointing normal
vector n.

appearing in the general diffusion, flow and wave equation 2-34 instead of the operator 0;
in equation 6-1. Let Dj; denote the I** element from the J* column of the matrix Dy,
from symmetry relation 2-47 we have D;y = Dj;. We define a matrix Ny that contains the
components of a normal vector n; arranged in the same way as the partial spatial derivatives
0; in the matrix Dyx. We replace the scalar field a, by a matrix field formed by the dyadic
product of two vectors ay(x) and bs(x). This generalizes equation 6-1 to

/ _D[J ((Z[bj) d3X = f a]bJN[JdQX. (6—2)
D oD

The left hand-side contains the inner product of Dy with the matrix formed by the dyadic
product of the vectors a and b, written as Dy - (a bt). We evaluate the left-hand side of
equation 6-2 using the product rule of Drj(asby) and the symmetry property of Dr;. We
obtain

Dy (arby) = arDrjby+ (Dyrar)by
Dy (ab’) = a'Dyb+ (Dyxa)'b. (6-3)

When we rewrite the subscript notation on the left-hand side of equation 6-2 to a matrix-
vector product we obtain the divergence theorem of Gauss in matrix-vector form, see also
Figure 6-2,

/ Dy - (ab')d’x = / a'Dyb + (Dxa)' bd?x = 7{ a'Nyb d*x. (6-4)
D D oD

This equation is used in the derivation of the reciprocity theorem of the correlation type
in Section 6-3. We consider a variant of equation 6-4 which we use in the derivation of the
reciprocity theorem of the convolution type in Section 6-2. We replace a by Kga, where Kj is
the real-valued diagonal matrix introduced in equation 2-46. Using equation 2-47 we obtain

/ Dy - (Koa b') d*x = / a'KoDxb + (Dxa)' Kobd*x = }[ a'KoNxbd’x.  (6-5)
D D oD
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oD

{a bt} (x) D

Figure 6-2: Matrix field {a b'}(x) in domain D bounded by O with normal vector n.

6-2 Reciprocity theorem of the convolution type

Figure 6-3: The general character of two physical states A and B for the reciprocity theorem of
the convolution type in domain D.

We consider two physical states in domain D, they are distinguished with subscripts A and
B. The material parameters and the source functions may be different in both states but for
simplicity we consider non-flowing media, see Figure 6-3. We consider the interaction quantity
Dy - (KouAutB), using equation 6-5 and the general flow, diffusion and wave equation 2-34
together with the symmetry properties for the system matrices 2-45 and 2-47 to expand the
products. We find

7{ ul KoNyapd®x =

oD

/ [ Kosp — 84 Kotig] dx + / i, Ko [iw (AA - AB) + (BA - BB)} apddx.  (6-6)
D D

This is the unified reciprocity theorem of the convolution type.

6-2-1 Source-receiver reciprocity

We consider a special case of the reciprocity theorem of the convolution type when we have
equal medium parameters in both states A A= A B = A and B A= B B = B. We choose point
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x4 and xp both within ID. And we substitute the source vectors in both states by a frequency-
independent point-source matrix §4 5 — I (x —x4,B). We consequentially have to replace
the field vectors in both states by Green’s function matrices @ (x,x4.B,w) — G (x, XA,B,W).
The diagonal of this Green’s function matrix corresponds to the Green’s function of the
equivalent source field, while the off-diagonal elements are conversions of a certain emitted
field type to another field type. See Section 7-1 equation 7-27 for the Green’s function matrix
of the SH-TE system. With these replacements, equation 6-6 becomes a reciprocity relation
for the Green’s function matrix of the convolution type. If we integrate over the whole space,
rp — 00, the boundary integral on the left-hand side of equation 6-6 disappears on account
of the radiation condition [Bleistein, 1984], more generally, since this boundary integral is a
propagation invariant, as long as D includes x4 and x g, it vanishes for any 0. The result is

KOGt(XAaXB,w)KO = G(XB,XA,LU). (6_7)

From equation 6-7, we see that G(x4,xp,w) commutes to G(xp,%x4,w) if we switch source
and receiver positions and types. There is a possible sign switch modulated by Ky. See
Sections 7-2 and 7-6 for the specific source-receiver reciprocity relations of the SH-TE seis-
moelectric system in 1D and 2D.

6-3 Reciprocity theorem of the correlation type

Figure 6-4: The general character of two physical states A and B for the reciprocity theorem of
the correlation type in domain .

For the reciprocity theorem of the correlation type we consider two independent states A and
B in the domain D, but take the time-reversed state in A, see Figure 6-4. We consider the
interaction quantity Dy - (uf4 utB) and use the general flow, diffusion and wave equation 2-34
together with the symmetry properties for the system matrices 2-45 and 2-47 to expand the
products. We find

/ i, N, ipd?x =

oD

[ [ +shs]ax— [ al [0 (As - AL) + (Bs+BY) asax (69
D D

This is the unified reciprocity theorem of the correlation type. The right-hand side of equa-
tion 6-8 contains a volume integral that does not disappear when we choose equal medium
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parameters. This is an important different property of the correlation type reciprocity the-
orem with the convolution type reciprocity theorem. When we consider the situation in
which the wave-felds, medium parameters and source functions in both states are identical
we find the power balance for the general flow, diffusion and wave equation. Therefore the
correlation-type reciprocity theorem is also referred to as the power reciprocity theorem.

6-4 Interferometric Green’s function representations in 3D

Figure 6-5: Geometry for the 3D interferometric Green's function representation.

We now modify the reciprocity theorem of the correlation type such that it can be used for
interferometric recovery of the Green’s function matrix. We start by introducing the same
source matrix and Green’s function matrix of Section 6-2-1 into equation 6-8. We choose
points x4 and xp, where x = (1, T2, x3), both within D and define both states A and B with
the same medium parameters, thus AA = AB = A and BA = BB = B. We find

G(xa,xp,w) + Gl (xp,x4,w) =

Gl(x, x4, w)NLG(x,xp,w)d*x
oD

—|—/DGT(X,XA,Q)) [iw (AB - AL) + <BB + E;)} G(x,xp,w) d*x. (6-9)

The first integral on the right-hand side of equation 6-9 is over crosscorrelations of Green’s
functions from sources at x4 and xp measured at the boundary D and the second integral on
the right-hand side of equation 6-9 is over crosscorrelations of Green’s functions from sources
at x4 and xp measured throughout the domain . We transpose both sides of equation 6-9
and use the source-receiver reciprocity relation 6-7 together with the symmetry properties for
the system matrices A and B in equation 2-45. The result is

G(XB,XA,w) + GT(XA,XB,Q}) =

- G(xp,x,w)N G (x4, x,w)d?*x
oD

+/]D)G'(XB7X,CU) [iw (AB — A;) + <P’B + E;)} Gl(x4,x,w)d?x. (6-10)
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The integrations on the right-hand side of equation 6-10 are of Green’s functions of sources on
the boundary 0D and throughout the volume ID measured at x4 and xp. This step is the key
to the modification of the reciprocity theorems to a relation that can be applied for interfero-
metric Green’s function recovery. Equation 6-10 tells us that we can retrieve a component of
the Green’s function matrix and the time-reversed of its reciprocal counterpart, if we cross-
correlate observations of certain sources throughout the domain D and on its boundary 0D,
with appropriate weighting functions. The specific relationship between the two retrieved
Green’s functions is given by the source-receiver reciprocity relation 6-7. The importance
of the different integrals are studied in Chapter 8. We call equation 6-10 an interferometric
Green’s function representation, because it represents the Green’s function between x4 and
Xxp as an integral of cross-correlations of observed green’s functions at point x4 and xp.

6-5 Interferometric Green’s function representations in 2D and 1D

To evaluate the interferometric Green’s function representation for the SH-TE mode of propa-
gation, we need to rewrite the representation in 2D. The volume domain ID reduces to a surface
domain S. Again we choose point x4 and xp, where x = (z1,x3), both in S. Equation 6-10
reduces to

G(XB,XA,w) + GT(XA,XB,LU) =

— ¢ G(xp,x,w)NG (x4, x,w)dx
oS

—|—/SG(XB,X,(U) [iw (AB — AL) + (BB —I—BLH Gl(x4, x,w)d%x, (6-11)

where Ny contains the components of the normal vector n = (n;, ng) on the line 9S. Accord-
ing to equation 6-11, we can retrieve a component of the Green’s function matrix and the
time-reversed of its reciprocal counterpart, if we crosscorrelate observations of certain sources
all over the domain S and on its boundary JS, with appropriate weighting functions.

We can simplify the representation even further by going to a 1D system. We choose

X
Y

31 3A 3B 32

Figure 6-6: Geometry for the 1D interferometric Green's function representation.

w31 < T3 4/B < T3;2, see Figure 6-6. The surface domain S reduces to a line domain L and
the boundary integral reduces to a sum over two points on the edges of L. We take the
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xg-coordinate as the remaining coordinate. Equation 6-11 reduces to
(23,8, 73,.4,w) + Gl (234,23 B,w) =

2
-3 [G(l’B,B, w30, w)N3 1 G (23,4, ﬂ?3;k,w)}
k=1

3;2 N N R N N N
+ / G (235,23, w) [m (AB - A;) + (BB + Bm Gi(wsa,x,w)des,  (6-12)
r3;1
where N3 is a matrix containing zeros and ones, we have N3; = —Ng3 ;. According to

equation 6-12, we can retrieve a component of the Green’s function matrix and the time-
reversed of its reciprocal counterpart, if we crosscorrelate observations of certain sources all

along the domain I and on the domain boundary edge points, with appropriate weighting
functions.
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Chapter 7

SH-TE interferometric Green’s
function representations in 1D and 2D

In this section we derive interferometric Green’s function representations for the SH-TE sys-
tem in 1D and 2D. There is a high degree of similarity in the equations and both derivations
follow the same line and can be read independently. We start writing the SH-TE system
equations in a matrix form, such that the equations of the Chapter 7 can be applied to the
separate systems. In what follows we generalize the system equations by assuming that there
are elastic and magnetic losses, i.e. N and i1 are frequency dependent. We briefly discuss the
contributions of the separate integrals in the interferometric representations, a more extensive
discussion follows in the next chapter with numerical examples.

7-1 SH-TE seismoelectric coupling in 1D

Starting from the 22 equations in the matrices in chapter 2 we drop the x1 and z9 dependence,
see derivations in Appendix C-2. The SH-TE system in 1D is governed by the fields Es, Hj,
05 and %33. The field ws does not obey an independent differential equation, therefore we
eliminated wy from the system. The SH-TE system in 1D can be captured in the general
flow, diffusion and wave equation as

2s,e

& 0 —plL 0 Ey 0 -3 0 0 By —J5
oloa 0o oo | [ 9% 0 0 0 mo|_| 4o

ol 0  p° 0 03 0 0 0 0O 03 - ig

0o 0 0 Nt —7bs 0 0 & 0 —7dy hs

(7-1)

where we combined the matrices A and B, by defining é = € + i&e and 1 = p+ i&m. The
system matrices of the SH-TE system obey the same symmetry properties as those of the
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complete seismoelectric system matrices, see Section 2-2-1. We have

KoA'K) = A, (7-2)
with
Ko =diag(—1,1,1,-1). (7-3)
The field and source vectors are
A ss,e
. Hy A _J17
= d = o 7—4
u o8 an S i (7-4)
—733 by

We defined new electrical —i;’e, force z2 and deformation rate ﬁ3 sources, according to

R N “ A A A o b « A «
Jy = >+ /szf, fy= fh— gf f2f and hy = hj, + h5;. The force on the fluid phase f7 is
not an independent source type in the SH-TE system, see Section C-1, because there are no
waves traveling only through the fluid phase.

We replace the source vector § by a 4 x4 point-source matrix I6(z3—x3 ) and correspondingly,
the field vector u observed at x3, is replaced by a 4 x 4 Green’s function matrix,

GE,JE GE,J’" GE’i GE,E
G B GHvle GH’J'HL GH,I GH,Q
($3:T’ L3,s) w) - Gv,ie GU,Jm Gv,i G«U,ﬁ

Grdc  Gram Gml o Gmh

(3, 23,5, w). (7-5)

We omitted all unnecessary superscripts and directional subscripts of the fields and sources.
In the notation of subsequent sections we will also omit the w dependence. Solutions for
the SH-TE seismoelectric Green’s functions in 1D in a homogeneous domain are given in
Appendix C-3.

7-2 Convolution-type reciprocity theorem for SH-TE in 1D

In this section, we use the equations of Section 6-2 to find a convolution-type reciprocity
theorem for SH-TE waves in 1D in the frequency domain. If we substitute the field vector from
equation 7-4 for the two different states A and B into the interaction quantity Dy - (Kou AutB)
we find

. 2 2 r Ab A (s ~b
J3 [EZAHLB — HiaE> B+ T23,AU§,B - US,ATQS,B} . (7-6)

We apply the product rule to equation 7-6 and substitute the differential equations 7-1, after
integration over the domain IL from x3.1 to 3,2, we apply the theorem of Gauss to the sum
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containing the differential operator 03 and we find

M)

&B S b s b
[EZAHLB — Hy aFs g+ T93 405 g — 05 ATo5 p| N3k =
-1

T3;2 “ “ “ R " R “ N
s,e s,e s,m s,m
/ E27AJ2,B - JQ,AEZB + Jl,A Hip - HLAJ1,B
I3;1

— X

5 7 ~ s ~b 7 h ~b
T0afoy  —  foatas  + Tasahsp - ﬁs,ATzza,B] dxg

xr3;2 N ~ ~ N ~ N ~
+iw/ [—EQ,A (Ea—éB)Eap+ FEsa (pQEA - pé@g) 05 g+ Hia(fia — i) Hi,B
x3;1
+ U2.4 ( /JA PB EB) By g+ 03 APa—PB)U5 g — 7'23 A (N_ Nél) 7253,3} dzs.
(7-7)

This is the convolution-type reciprocity theorem for 1D SH-TE seismoelectric waves. We
substitute the SH-TE Green’s function matrix 7-5 in 1D and the symmetry matrix 7-3 into
the source-receiver relation for the Green’s matrix equation 6-7, to we find the source-receiver
reciprocity relations as

ANE,J€ _ AE;
3419 ) -

G (J,‘gA €T3 B) G

B,

r3p,73.4) 5, G (23.4,23) = —GP7" (v3.,23.4), (7-8
GUL (x3.4,238) = —

G™L(x3,B, 734
o R
GHI" (23 4,23 8) = GH

G

2 ) )

L ) G (wsa,ws8) = Gt pasa),  (7-9)
T (23.8,234) , GUL(x3a,235) = G"L(235,234), (7-10)
h( ) G (w3 a3 8) = Gl (xy g x5 4),  (7-11)
a( ) 12)

. GTl(x3.4,138) = —GV(23,73.4).  (7-12

G (x5 4, 238) =

GT,J"" (3337,4,.773,3) —

b
G"™(x3,B, 3,4
/\H77

T3,B,T3,A

7-3 Correlation-type reciprocity theorem for SH-TE in 1D

In this section, we use the equations of Section 6-3 to find a correlation-type reciprocity
theorem for 1D SH-TE waves in the frequency domain. If we substitute the field vector from
equation 7-4 for the two different states A and B into the interaction quantity Dy - (u AutB)
we find

—05 [ES,AHLB + Hf yEa p + 795 405 5 + ﬁif‘A%’g,B} : (7-13)

We apply the product rule to equation 7-13 and substitute the differential equations 7-1, after
integration along the length of I from 3.1 to 3,2, we apply the theorem of Gauss to the sum
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containing the differential operator 03 and we find

2
Cvk T Tk T ~bx  ~s A5k b

- E [Ez,AHl,B+H1,AE2,B + 723 AVa g + Ug ATo3 B| M3k =

=1

xra.

52 js,e*E E* js,e js,m*ﬁ H* js,m
oA 2B - 2,A%2 B T 1,A *1,B - 1,AY1.B

xr3;1

~ %

~Sx ] ~ 8 NN ~bk 7
+U2,Ai273 + i27AU2,B —  h3aTesp  — T23,Aﬁ3,3} dxg

xr3;2 N N N N N N R
—iw / (B34 (ep = &3) Bop — B3 a (phL + phL3) 03 5 + Hi 4 (g — i) g
x3;1
054 (PhLr + PRLR) Bap + 0574 (05 — 53 055+ 4 (N5 = N3™) 7y 5] das.
(7-14)

This is the correlation-type reciprocity theorem for SH-TE seismoelectric waves in 1D. Note
that the domain integral on the right-hand side of equation 7-14 does not disappear if we
choose equal medium parameters in both states. This domain integral is over the loss functions
of the system and over the coupling coefficient, that governs the conversion of electromagnetic
energy to elastodynamic energy and vice versa.

7-4 Seismoelectric interferometric Green’s function recovery in 1D

From equation 6-12 we can derive an interferometric representation of the SH-TE Green’s
function matrix in 1D. We substitute the Green’s function matrix 7-5 and medium parameter
matrix of equation 7-1 into equation 6-12, to find

Gri(xsp,w3a) + GY(r3.4,738)=

e

2
A /\Je /\J A

§ N3k [Gﬁm(x&B,963;1@)G31*(3?3,A,333;k) + G (238, 73.6)G5 (23,4, Tak)

=1

b - f - f -
=G (3., 236)G3(x3,4, 236)  —  GT3(@3,8, T3:6) G yy(23,4, xg;k)]
352
. > A~ TE i~ N AJE A J€ N /\f*
+W2/ [Gﬁ (23,8, 23)i0m{E}G, (w34, 73) — G (3,8, 33)Re{p! L}GF5 (23,4, 73)
3;1

A~

i o Al : e Al
+Gf3($37]3,xg)me{pfﬁ}G%l*(l‘g,A,Sﬂg) +  Gp3(r3,B, 23)idIm{p}G5(23,4, 73)

A g™ o~ AT ~h 1 Ah
+Goy (23,8, 23)iIm{A}Gy “(x3.4,23) + Gy (w38, 73)iTJm{N 1}034(333,147583)} dxs,

(7-15)

in which G J(z3,.4, 23 3) denotes the I th element of the J™ column of the Green’s function
matrix 7-5 at x3 p yielding a response due to a point-source at x3 4. The domain integral on
the right-hand sides of equation 7-15 is a sum of crosscorrelations of observed responses of
sources weighted by the loss and seismoelectric coupling functions. This integral not only
compensates for the losses in L, but also contributes to the seismoelectric coupling in L.
The summation of crosscorrelations of responses of sources on the end points of I accounts
for the contributions to the Green’s functions from losses and seismoelectric coupling outside
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the domain L.

We can use 7-15 for an interferometric expression for every element of the Green’s function
matrix G(zs g, 23 4). For example, for the particle velocity 03 in the solid at observation
location x3 g due to an electrical current source —J. 5 at observation location x3 4, we have

GV (w3 3,034) + GPL*(w3.4,738) =
2

> ngy [GU’Jm($3,Ba$3;k)éE’f*($3,A,l’3;k) + G (25 5, w3) G (03,0, k)
k=1

—GVh(23 g, w30) G L (25 0, 230) —  GUL(w3.p,234)GEE* (23 4, 563;14:)}

T3;2 R e N e ~ e Al A
+iw?2 / [vai (233, 23)idm{E}GEL (23 4,23) — GVL (23, x3)Re{p/ L}GEL* (25 4, 23)
xT

3;1

+GV (235, w3)Re{p! LYGEL (3.4, 23) + GVL(x3p,23)iIm{p}CGEL* (23,4, 23)
+GVL" (23 g, 23)idm{ @} GEL " (w3 4, 03) +  GUB(x3 g, x3)idm{ N~} GEL (23 4, xg)} dxs.

(7-16)

7-4-1 Interferometric representation in medium type A and B

We simplify equation 7-15 for the porous medium types A and B of Chapter 5 that have
it = po and obey perfect elasticity N = N. The volume integral over the magnetic and elastic
loss functions disappears. We consider all the sources to emit a Ricker wavelet §™(w) with
a power spectrum Srw(w), thus we replaced the source vector § of equation 7-4 by a 4 x 4
point-source matrix I6(z3 — x35)5™. We would find for the particle velocity 03 at z3 g due
to a current source —J. 3’6 at x3 4,

{évs’f(wz’nB,x:s,A) + @E’f*($3,Ay$3,B)}Srw:
2

> na [GU’JW(DC&B,963;k)éE’le*(fC3,A7iU3;k) + G (23,8, m30)GP7" " (w3 .0, w31
k=1

A~

—GV (3 g, w34)GEI* (23,4, 230) — Gu’i(iﬂaB,iUs;k)éE’ﬁ*(fBg,A,xs;k)} Srw

T3;2 ¢ . N e ~ e A7 A
+iw2/ [Gv’l (33373, a:g)ijm{é}GE’l *(.%'37,4, 1’3) — GU,J (QZ37B, a;g)%e{pfﬁ}GEi*(x&A, 1'3)
T

351
+GVL (w3 g, w3)Re{p! LYGP L (w3 4, 03,0)  + GVl (w3, w3)idm{p7} G L (234, xg)} ST dws.
(7-17)

In Chapter 8 we use this equation to create an example of the SH-TE seismoelectric interfer-
ometric representation in 1D.

7-4-2 Relation between the two retrieved Green’s function matrices

The left-hand side of equation 7-15 is a sum of the causal Green’s function matrix and the
time reversed of it’s reciprocal Green’s function matrix. Using the source-receiver reciprocity
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relations 7-8 to 7-12, we can explore the left-hand side of equation 7-15 in the frequency
domain. If there is a sign switch between GA'[J({IJ&B,JJ&A) and @;I(xg,A,x&B) we retrieve
an imaginary signal, this means that the retrieved signal is asymmetric in the time domain.
While if there is no sign switch between @IJ(x37B,x37A) and 631(963,,4,163,3), we retrieve
a purely real signal, which means that in the time domain we have a symmetric function.
Applying the source-receiver relations 7-8 to 7-12 to the left-hand of equation 7-15, yields

G(wsp.73.4) + G (w34, 238) =
Re{GFL} iIm{GF7"} iIm{GPL}  Re{GPL}
Im{GTL ) Re{GHT"Y Re{GTL}  iTm{GHL}
Im{GULY Re{GUIT} Re{GVL}  iTm{GVL}
Re{G™L Y} iIm{G™T"}  iIm{GTL}  Re{GTL}

(.T37B,3337A). (7—18)

7-5 SH-TE seismoelectric coupling in 2D

In Chapter 3 we have seen that in 2D the seismoelectric system decouples into the SH-TE
and P-SV-TM modes of propagation. The SH-TE mode is governed by the fields Fo, Hy, Hs,
vy, —7%, and —7%;. The coupling coefficient in the 3D seismoelectric system is incorporated
in the equations for w, the differential velocity of the solid and fluid phases, w. In Appendix
C-1 we see that in 2D the field ws is does not obey an independent differential equation. We
eliminated ws from the system of equations and defined new source functions that incorporate
the force on the fluid phase. The SH-TE system in 2D can be captured in the general flow,
diffusion and wave equation as

iwAG + B+ Dyt = 8. (7-19)

Where the field 1 and source vectors § are defined by
it = (B, By, Hs, 05, 71, 743 (7-20)
8 = (Lo =i =T f b ) (7-21)

-8, A JN A A Foa ~b ~ A
With the new source types l;e = Jy° + [,fgf, Sy = fh— g—ngf, h; = th +hg3 and

ﬁl; = EZ{Q + ﬁgl. The system matrices A, B and Dy are given by
e 00 —pfZ 0 0 6 0 0 00 0
0 w O 0 0 0 0O ¢ 0 0 0 0
- 0 0 pu 0 0 0 - 0 0 ™ 0 0 0
A=l 200 4 o0 o | B=109 0 0 000 (7-22)
0o 00 0 & 0 00 0 000
o 00 0 0 % 00 0 000
0 —-03 0 0 0 O
—0d3 0 0O 0 0 O
a0 0 0 0 0
and Dy = 0 0 0 0 8 6 (7-23)
0 0 0 00 0 O
0 0 0 03 0 0
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The system matrices of the SH-TE system obey the same symmetry properties as those of
the entire seismoelectric system, see Section 2-2-1. We have

KoAKo=A and K(BK;=B. (7-24)
The matrix Dy, containing spatial derivatives, obeys

KoDyKy = —Dy = —D} (7-25)

X

where K is defined by
Ko = diag(—1,1,1,1,—1,-1). (7-26)

We replace the source vector s by a 6 x 6 point-source matrix Id(x — x5) and correspondingly
replace the field vector u observed at x, by a 6 x 6 Green’s function matrix,

QEJS  ABJr  ABJy AEf GEh (B
GHLI®  GHLIP GHLIP GHGE GHuhy  GHihg
. GHs. L G’HS,J{” (;Hs,Jgn G'H&i GH3,E1 G’Hs,bg
G(xr, X5, w) = Guds Gl Gwdr Aud Auhy o (wbg
éﬁhle éT21,J{" éT21,J§” éTzl,i Gmhbl 6'721,ﬁ3
Gresd®  Gres it GresJEt GmesS Gresshy Gmesihs

(xp, X5, w). (7-27)

Where we omitted all unnecessary directional subscripts of the fields in the superscripts. In
the notation of subsequent sections we will also omit the w dependence. In part I of this
thesis, we further reduced this set by eliminating the fields H3 and 75, from the field vector
u. This way we obtained the two-way wave equation that we used to construct seismoelectric
Green’s functions for the SH-TE system in 2D in horizontally-stratified media.

7-6 Convolution-type reciprocity theorem for SH-TE in 2D

In this section we use the equations of Section 6-2 to find a convolution-type reciprocity
theorem for SH-TE waves in 2D in the frequency domain. If we substitute the field vector from
equation 7-21 for the two different states A and B into the interaction quantity Dy- (Kou AutB),
we find

03 [E2,AH1,B — Hy aFEs p + Tbaz 405 g — U§,A723,B]

S A N o b
+01 |H3 aFo g — Eo aH3 g + 791 405 g — U32,A7-21,B:| - (7-28)

We apply the product rule to equation 7-28 and substitute the differential equations 7-22
and 7-23, after integration over the domain S, we apply the theorem of Gauss to the integral
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containing the differential operators 03 and 01 and we find
}é ] [{Ez,Aﬁl,B — Hy ABp 5 + 793 403 — 19‘5,,4?5’373} n3
+ {I:IB,AEZ,B - Ez,Aﬁg,B + %51,,4775,3 — 1357,47%’1,3} m] dx =
/ |Boadsty — I35 Bap + S5 Hyp — By adi g + 55 e — By aJ55
S
03 4f, = Fo 5 by — Dy a5+ P Al — By a7 | 2
V2,419 p 7 S AV2,B T T23,Alk3 B — 13, A4T23,B T T21,A001,B — IL1 AT21,B| A X
+iw/ [—EQ,A (a4 —éB)Eap+ Faa (p’;;/jA - pé@e) 05
S
+Hy a4 (fta — fup) Hip + Hs 4 (fa — fp) Hs B
05,4 (PhLa — phLn) Ban+ 05 4 (55— i) 05
—%gs,A (NZI - N;) %33,3 - %31,,4 <NXI - Nél) %31,3} d*x.
(7-29)
This is the convolution-type reciprocity theorem for 2D SH-TE seismoelectric waves. We
substitute the SH-TE Green’s function matrix 7-27 in 2D and the symmetry matrix 7-26 into
the source-receiver relation for the Green’s matrix equation 6-7, to we find the source-receiver
reciprocity relations as
( ) ) éHhJ{n (XA7 XB) = GHI’J{U (XB7 XA)a ( )
( ) o G (xa,xp) = G (xp, %), (7-31)
( ) ) G’HS’JE (XA, XB) = _GE’JZ?L (XB’ XA)’ ( )
( ) o GV (xa,xp) = Gl (xp, xa), (7-33)
( ) . GTE(xa,xp) = GPli(xp,x4), (7-34)
G (x4, xp) = —GH s (xp,x4) , G277 (x4,xp) = —GTi(xp,x,), (7-35)
AT m AH,h
( ), G (x4, xp) = —G5 M (xB,X4), (7-36)
( ) ) GTQS’QS (XA7 XB) - GT237@3 (va XA)? ( )
( ) o GPM(xa,xp) = GTVs(xp,x4), (7-38)
( ) G l(xa,xp) = GV (xp,xa), (7-39)
( ) = —GPL(xp,xa). (7-40)

7-7 Correlation-type reciprocity theorem for SH-TE in 2D

In this section we use the equations of Section 6-3 to find a correlation-type reciprocity
theorem for SH-TE waves in 2D in the frequency domain. We substitute the field vector from
equation 7-21 for two different states A and B into the interaction quantity Dy - (u AutB), to
find

— 03 [ES,Aﬁl,B + Hi gEo  + 755 405 p + 03a 753

e 1 e Abk o ( sk Ab
01 | B} 4B + B3 oHap — 73 453 5 — 954750 5 (7-41)
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We apply the product rule and substitute the differential equations equations 7-22 and 7-23,
after integration over the domain S, we apply the theorem of Gauss to the integral containing
the differential operators d3 and J; and we find

7 2 F 3 Abk NN
]gg [— {ES,AHLB + Hi g B2 B + 793405 g + USTATQ?),B} n3
2 a3 2 2 Abk o sk b
+ {Hék,AEZB + E5 aH3 B — 791 A05.5 — USTATQLB} nl} dx =
7S,e% 1, [ 7S,e 7S, Mm% 13 rx 7S,m 7S, m* 13 rk 7S,m
/s [_JzA Eop — E2,AJ2,B - Jl,A Hy p — Hl,Ajl,B - JS,A Hs p — HS,AJ3,B

cs g 7 as ~bx 70 LI bk 70 AN 2
+U2,Ai273 + iQ,AUZB — T3 43 g — Iy ATos p — To1 4l g — Dy ATo1 p| d°X

<t [ [Bsaten—20) Bun ~ By (oL + o5 £4) 05
+H 4 (s — %) Hip + Hj 4 (i — f54) Ha
057 (Lo + PN L3) B + 0570 (9 — 7) 05,5
+755 4 (N1§1 - NX“) P33, + To1. (Nél - Ngl*) %51,3] d*x.
(7-42)

This is the correlation-type reciprocity theorem for SH-TE seismoelectric waves in 2D. Note
that the right-hand side of equation 7-42 does not disappear if we choose equal medium
parameters in both states. The right-hand side of equation 7-42 contains a volume integral
over the loss functions of the system and over the coupling coefficient, that governs the
conversion of electromagnetic energy to elastodynamic energy and vice versa.

7-8 Seismoelectric interferometric Green’s function recovery in 2D

From equation 6-11 we can derive an interferometric representation of the SH-TE Green’s
function matrix in 2D. We substitute the Green’s function matrix 7-27 and the medium
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parameter matrices 7-23 into equation 6-11, to find

Gry(xp.xa) + GY(xa,xp) =

/\Jm AJE
_j{ [—Glé (XB,x)nngl*(xA,x)
oS

Ah ~f
+Gre (XB,X)n3GjZ(XA,X)

AJe AJj’L
+G7 (xB, x)n1 G *(XA, X)

A /\h*
+GL (e, )1 G2 (x4, %)

Fiw? / (G (e, x)im {2} Oy (. )
S
+Cb(x, X)Re{p £3G23 (x4, %)
+G (xp, x)iIm{ A} GO " (x4, X)
+GA(%;‘)(XB,X)ijm{N_l}G%E*(XA,X)

+

AJE AJ"TL
Gy (xB,x)n3G 4 *(XA, X)

~

/ ~h
G4(xB, x)nngé* (x4,X)
A J:l’n ~ Je
G173 (xB, X)an’jl* (x4,%)

G% (xp, X)nlé’ﬁ(x/;, x)| dx

G%f (xB, X)%e{pf/j}ég(xA, X)
G (x, %) { P} G (x4, %)
GP (xp, x)iTm{ 1} G " (x4, %)

G (x, X)i0m{ N1} G5" (x4, %) | .

(7-43)

In which G 7(xa,2p) denotes the I*" element of the J* column of the Green’s function
matrix 7-27 at xp yielding a response due to a point-source at 4. The domain integral over
S on the right-hand side of equation 7-43 is a sum of crosscorrelations of observed responses

of sources weighted by the loss and seismoelectric coupling functions.

This integral not

only compensates for the losses inside S, but also contributes to the seismoelectric coupling
inside S. The crosscorrelations of responses of sources on the boundary 9dS accounts for the
contributions to the Green’s functions from losses and seismoelectric coupling outside S.

We can use equation 7-43 for an interferometric expression for every element of the Green’s
function matrix G(zp, z4). For example, for the particle velocity 05 in the solid at observation
location g due to an electrical current source —J. ;’e at observation location x4, we have

GvL (xB,%4)
y{ [G’U’Jlm (xB, x)ngéE’le*(xA, X)
oS

—GUhs (xB, x)ngéE’i* (x4,%)
—GUL” (xB, x)nléE’Jgn* (x4,%)

—GU’I(XB, x)nléE’ﬁl*(xA, X)

Fiw2 / [G“f (x5, x)iTm{} P (x4, %)
s

+GL (xp, x)Re{p! LYGP (x4, %)

LGOI (x, x)iTm{ 1} GELT (x4, %)

+ GV (x g, x)iTm{ N1} GPs* (x 4, %)

+
_|_

GE’i*(XA, Xp) =

GvL (xB, x)ngéE’Jlm*(xA, X)
G”’i(xB, x)ngéE’QS*(xA, X)
G5 (xp, x)n1 GPL* (x4, %)

GVl (x5, x)n GEL* (x4, x)} dx

G (xp, x)Re{p! LGP (x4, %)

G (x, x)i0m{p G (x4, %)

GV (3, x)iTm{ 3 GP (x4, )

Gv,ﬁl (XB, x)ijm{N_l}éEﬂl* (XAa X)] d2x-

(7-44)
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7-8-1 Interferometric representation in medium type A and B

We simplify equation 7-15 this for porous medium types A and B of Chapter 5 that have
i = o and obey perfect elasticity N = N. The volume integral over the magnetic and elastic
loss functions disappears. We separate the boundary integral into a horizontal part S3 and
vertical part S;. The horizontal boundaries have normal vector ng = 1 for the lower boundary
and ng = —1 for the upper boundary. The vertical boundaries have normal vector ny = —1
for the left side and ny = 1 for the right side boundary. We consider all the sources to emit
a Ricker wavelet 5% (w) with a power spectrum S"*(w), thus we replaced the source vector §
of equation 7-21 by a 6 X 6 point-source matrix Id(x — x,)§"". We would find for the particle
velocity 05 at x3 g due to a current source —J: ;’6 at T34,

{GAU7JE(X37XA) " GE,i*(XA’XB)}grw:
ﬁs GO (e s GP T (xa,x) 4+ G (e G (x4, )
3
—GVhs (x g, x)ngGF L (x4, %) — @”’i(XB,X)nséE’ES*(XA,X)} S dx
[ e MG )+ G e G )
!
FC (xp, ) m GO (x4, %)+ GOl (e, x)m GPL (x4, %) | S70ax
+iw2/S{G’“’Je(xB,x)ijm{é}@E’Je*(xA,x) — G (xp,x)Re{p/ LIGP L (x4, %)

LGV (xp, x)Rep! LYGEL (x4, %)+ CVL(xp, x)iTm{p}GEL (x4, x)} §red2y.
(7-45)

In Chapter 8 we use this equation to recover the SH-TE seismoelectric Green’s function in
2D in homogeneous media.

7-8-2 Relation between the two retrieved Green’s function matrices

The left-hand side of equation 7-43 is a sum of the causal Green’s function matrix and the
time reversed of it’s reciprocal Green’s function matrix. Using the source-receiver reciprocity
relations 7-30 to 7-40, we can explore the left-hand side of equation 7-43 in the frequency
domain. If there is a sign switch between G[J($373,$37A> and 631(333,14,.%373) we retrieve
an imaginary signal, this means that the retrieved signal is asymmetric in the time domain.
While if there is no sign switch between G]J(.%'g,B,.%'g,A) and é?}[(.f&A,x&B), we retrieve
a purely real signal, which means that in the time domain we have a symmetric function.
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Applying the source-receiver relations 7-30 to 7-40 to the left-hand of equation 7-43, yields

G(xp,x4) + Gl(x4,xp) =
Re{GELY  iom{GEITY  im{GEJEY im{GFL} Re{GEMY}  Re{GFlLs)
Im{GHL)Y Re{GHUITY Re{GHLE)Y Re{GHVS) igm{GH ) igm{GH1 s )
) Im{GH3L} Re{GH3/T"} Re{GH3 5"} Me{GHLY  iIm{GH3 ) iTm{GHshs)
Im{GUL )} Re{GUIT} Re{GUY Re{GVL) iIm{GV) iIm{GVhs)
Re{G™=L ) Im{GmY) Im{GE ) iIm{G™L) Re{GT} Me{Gls)
Re{G™3L°}  Im{Gm™/"} Im{G™ 7} Om{G™L) Re{GTM}  Re{GT3hs)

(xB,X4).

(7-46)



Chapter 8

Simulation of interferometric
seismoelectric Green’s function
recovery

This chapter contains several examples of the interferometric representations of Chapter 7. We
consider a homogeneous world and perform the experiments separately in the two media types
introduced in Chapter 5. The 1D examples have been created using the Green’s functions of
Appendix C-3. The 2D example is created using the one-way wave equations of Chapter 3.
We describe the observations of our experiments, paying particular attention to the role of the
different integrals of interferometric representations. All events in the 1D and 2D correlations
have been consistently labeled. There are two physical events, see Section 5-3, the first arrives
with the electromagnetic wave velocity and is labeled a. The second event arrives with the
shear wave velocity and is labeled b. There is a spurious event in the separate contributions
of the domain and boundary integrals, this event is labeled c¢. The events are not always
continuous in the figures, in that case they have been assigned an extra subscript that is
explained in the text.

8-1 1D Seismoelectric interferometry in homogeneous media.

We consider the situation of 2 receivers, labeled A and B, at a distance of 150 meter, see
Figure 8-1. The domain L is chosen to extend 325 meter away from the receivers. We place
two source types at 8000 source positions evenly spaced by 10 cm, between the end points
of L, thus performing a middle Riemann sum to evaluate the domain integral. FEach source
is weighted as prescribed in the 1D interferometric representation equation 7-17. At each
of the end points we place 8 sources. At receiver A we measure the electrical field and at
receiver B we measure the particle velocity, evaluating the interferometric representation for
GV (xp,x,t) + GE’i(xA,xB, —t) in 1D given by equation 7-17. Thus we should recover
the sum of two Green’s functions, the causal response of the particle velocity at B due to a
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31 3.A 3,B 3;2
< ><———>< >
325 m 150 m 325m

Figure 8-1: Symmetric position of receivers and boundary points for 1D interferometry; receiver
distance is 150 m, the boundary points are 325 meter away from the receivers. Examples are

shown in Figures 8-2, 8-3, 8-4 and 8-5.

electrical current source at B plus the time-reversed response of the electrical field at A as a
result of a force source at B. All sources emit a Ricker wavelet, equation 5-12, with a central
radial frequency of wy = 800 radians. Thus the recovered Green’s functions are convolved
with the autocorrelation of the source function, see equation 7-17. The Green’s functions
were calculated using a time sampling of At = 0.001 seconds.

8-1-1 Results in medium type A

Medium type A
x 10

5| | —exact |
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5 | | | | | |
-025 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25
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Figure 8-2: Exact and retrieved superposition of GV<" (xp,x4,t) and GE’i(xA,xB,—t) in
medium type A, using two source types at 8000 source positions evenly spaced over 800 meter.
Receiver offset is 150 meter as indicated in Figure 8-1.

We perform the computations using the medium parameters as described for medium type A
in Section 5-2. We recover the Green’s functions reasonably well and find two physical events
in each Green’s function, see Figure 8-2. The second event, labeled b, arrives at ¢t = £0.07
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seconds and is three orders of magnitude smaller than the first event, labeled a, that arrives
around ¢t = 0 seconds. Event a is actually the superposition of the electromagnetic arrivals in
GVL(xp,x4,t) and GF ’i(x A,Xp, —t). There are two visible spurious events, labeled ¢, and
¢ in positive times at ¢ = 0.15 seconds and ¢t = 0.22 seconds, they are about half as strong
as event b, see Section 8-1-3 for their origin. In Figure 8-3 we see the separate contributions
of the boundary points and the domain integral. We can see in the top panel of Figure
8-3 that the amplitudes of both integrals are strong for event a but they are reversed in
polarity. The contribution from the domain integral is stronger than the desired event, hence
the contribution of the boundary is subtracted, this results in the perfect reconstruction of
event a. Event by in GV (xp,x4,t) is reconstructed in a similar way. The contribution of
the domain integral is stronger than that of the boundary points and has the correct phase as
event by of the exact Green’s function. The contribution of the boundary integral is weaker
and reversed in polarity with respect to the contribution of the domain integral, they subtract
and perfectly reconstruct the shear wave event in positive times. Event b_ in G (x4, x5, —t)

Medium type A
x10
T T T
| | ™ boundary ' 1
) 5 -==d . al
T omain X c c
i | r
O]
= 0
o= 4
2 1
O v \ v
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Figure 8-3: Separate contributions of the domain integral (red dashed curve) and the boundary
points (blue continuous curve) to the reconstruction of the Green's functions in Figure 8-2.

is reconstructed differently. The contribution of the boundary points seem to be equal (on
eyesight) to the contribution of the boundary to event by in G¥<"(xp,x4,t). However, the
total contribution of the domain integral is a lot smaller to b_ than to b4 in Figure 8-3. But
the contributions of the domain and boundary integrals add constructively to reconstruct the
event b_ in GE’i(xA, xp, —t), which is anti-symmetric to the event b, in GV (xp,x4,1).
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8-1-2 Results in medium type B

We perform the same computations as above, in the medium with characteristics described as
medium type B in Section 5-2. We recover the Green’s functions even better then in medium
type A using the same geometry, see Figure 8-1. Events by and b_ have slightly larger arrival
times then the second events in medium type A, they are two orders of magnitude smaller
than event a. Spurious events ¢, and ¢; are three orders of magnitude smaller than events
b_ and b;. In Figure 8-5 we see the separate contributions of the boundary points and the
domain integral. We see that the contributions to the reconstructed Green’s functions behave
similarly as in medium type A. But we do notice that the relative contribution of the boundary
points to event, a, is clearly smaller than the relative contribution of the domain integral.
It can also be observed that event a is three orders of magnitude smaller in medium type B
than in medium type A, while the seismic event is only one order of magnitude smaller. But
we see that the relative contribution of the domain integral to event b_ in GF ’f(x A,XB,—1)
is smaller than it was in medium type A.
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Medium type B
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Figure 8-4: Exact and retrieved superposition of GVZL" (xp,x4,t) and GE’i(xA,xB,—t) in
medium type B, using two source types at 8000 source positions evenly spaced over 800 meter.
Receiver offset 150 meter as indicated in Figure 8-1.
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Figure 8-5: Separate contributions of the domain integral (red dashed curve) and the boundary
points (blue continuous curve) to the reconstruction of the Green's functions in Figure 8-4.
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8-1-3 Middle Riemann sum

The spurious events in the contributions of the domain integral and the boundary points
should cancel out exactly when combined. In these simulations they do so only approximately,
because we evaluated the domain integral by performing a middle Riemann sum. The middle
Riemann sum divides the integrand in equally spaced regions, the value of the integrand over
that region is approximated by the exact value in the middle of that region weighted by the
size of the region. The smaller the regions are, the more exact the Riemann sum is. In Figure
8-6 we choose three different source spacings; 1.0 meter, 0.5 meter and 0.1 meter and evaluate
the 1D interferometric integral equation 7-17 for both media types. We show the exact result
with a blue continuous line, there are no physical events at times later than ¢t = 0.1 seconds.
However, there are two visible remainders of the imperfect cancellation of spurious events ¢,
and ¢; arriving at times later than ¢ = 0.1 seconds. This remainder is larger in medium type
A than in medium type B in absolute sense and relative to event, b, near 0.07 seconds.
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Figure 8-6: Recovered signal using three different sample densities of the Riemann sum; A, =1
meter, A, = .5 meter, A; = 0.1 meter.

8-2 Dissecting the 1D interferometric representation

In this section, we take a closer look to the different contributions from the boundary
points and different parts of the domain integral, to the reconstruction of GV (xp,x4,t) +
GF ’f(x A,Xp, —t) in medium type A. We distinguish between the contributions of the differ-
ent sides of the boundary contribution, from x3,; and from x3.2. The domain integral can be
dissected in three contributions, from the segment left of receiver A, the segment between the
two receivers and the segment part on the right side of receiver B, see Figure 8-7.
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In Figure 8-8 we see the contribution of the sources at x3,; ( blue continuous curve) and at
x3.2 (red dashed curve). We see how they each contribute equally to event, a. Each of the
boundary points creates its own spurious event, ¢, and ¢;, both in positive times. Event ¢; is
constructed by the sources at the left boundary point, z3.;. Event ¢, is constructed by sources
at the right boundary point, z3.. The contribution from the sources at x3.; (continuous
blue curve) ends up in the Green’s function of waves traveling in the same direction from
GV2" (xp,x4,t) and vice versa for the contribution of 3.5 (dashed red curve) to the Green’s
function G¥ ’i(x A,Xp, —t). Lastly, we notice how the significant contributions from z3,; seem
to be all causal with a zero-phase wavelet, but the contributions from x3.2 are both causal
and anti-causal.

The contributions of the three segments of the domain integral are shown in Figure 8-9. From
each segment we can distinguish three events. Segment labeled 2 has both causal and anti-
causal contributions, but it only contributes to physical events. Its contribution to event b_ ,
in GF ’i(x A, Xp, —t) is two orders of magnitude smaller than the contribution made by segment
3, which is still an order of magnitude smaller than the contribution of the boundary points,
see Figures 8-8 and 8-5. In G¥ ’i(XA,XB, —t) the domain and boundary contributions have
equal polarity. The contribution of segment 2 to event by in GVL" (xp,x4,) is almost equal
to the contribution by segment 1, but reversed in polarity. Therefore they nearly cancel, the
result is an event three orders of magnitude smaller, that still contributes strongly to the total
reconstructed event by, see Figures 8-2 and 8-3. All three segments contribute to event a, but
the contribution of segment 1 is at least an order of magnitude smaller than the contributions
of segments 2 and 3, which are approximately equal, all three segments contribute with the
same polarity to event a. The spurious events ¢, and ¢;, come from the two outer segments.
The arrivals from segment 1, within the first 7 to 8 orders, are all causal with a zero-phase
wavelet, while the contributions from segment 3 are both causal and anti-causal.

8-2-1 Main contributions in crosscorrelations of the interferometric representa-
tion.

In this subsection we analyse the contributions of the different terms in the boundary and
domain integrals. The interferometric representation, equation 7-17, contains 8 different
crosscorrelations of Green’s functions. The arrivals of shear or electromagnetic waves in the
Green’s functions are stronger or weaker for different source types. The crosscorrelations

. O 0 .
X3;1 X3,A x3,B X3;2
<>
1;,325m 2;150m 3;325m

Figure 8-7: Three different segments of the domain integral. The first segment (labeled 1) is
located left of receiver A and is 325 meter long, the second segment (labeled 2) lies in between
the two receivers and is 150 meter long, the third segment (labeled 3) is located right of receiver
B and is 325 meter long.
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Figure 8-8: The separate contributions of the sources at x3.; (blue continuous curve) and the
sources at x3.2 (red dashed curve) to the total boundary contribution in Figure 8-3.
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Figure 8-9: The contributions of the three segments to the total domain contribution in Figure
8-3.
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in the domain integral are also weighted by the loss functions and the coupling coefficient.
Therefore certain terms in the representation contribute stronger to the reconstruction of
certain events than others terms do. The contributions of each of the four crosscorrelation
terms, equation 8-1 to 8-4, from the left boundary point, x3.;, are shown in Figure 8-10. The
contributions of each of the four crosscorrelation terms, equation 8-1 to 8-4, from the left
boundary point, x3.2, are shown in Figure 8-11.
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Figure 8-10: Contributions from the different crosscorrelation terms at the boundary point z3.1,
to the total contribution coming from the boundary point x3,;. The crosscorrelation terms are
defined in equations 8-1 to 8-4.

The terms of Figures 8-10 and 8-11 are given by;

terml : GUV/™ (3.8, xg;k)CA}'E’f*(x&A, T3k ), (8-1)
term2 : GUL (235, 23.4)GET" (23,4, T30), (8-2)
term3 *GA'U’Q(JI&B, xg;k)CA;E’i*(:vg,A, T3:k), (8-3)
termd : —GUL(x3p,x3.%)GE* (23 4, 23.). (8-4)

We see in Figures 8-10 and 8-11 that terms 2 and 3 contribute equally to the spurious
events ¢, and ¢;, terms 1 and 2 contribute equally to event a, terms 3 and 4 contribute
equally to event by and b_. In Figure 8-12 we display the contributions of each of the four
crosscorrelation terms, equation 8-5 to 8-8, to the total contribution coming from the domain
integral.
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Figure 8-11: Contributions from the different crosscorrelation terms at the boundary point z3.2,
to the total contribution coming from the boundary point x3.2. The crosscorrelation terms are
defined in equations 8-1 to 8-4.
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Figure 8-12: Contributions from the different crosscorrelations in the domain integral, to the
total contribution of the domain integral. The crosscorrelation terms are defined in equations 8-5
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The terms of Figure 8-12 are given by

1 GV L (23 p, 3)iIm{E}GE L (23 4, 73), (
2 1 GO (uy p, w3)Re{p! LYGEL (250, 15), (
3 1 GVL(wy p,ws)Re{p! L}GP T (w3 4, w3), (
4 0 GUL(eypas)iOm{p°}CPL (2 4, 23). (

The 4" term almost completely reconstructs event b_, while the 3" term almost completely
accounts for event b,. Event a is also dominantly constructed from the contribution of term
3.

8-2-2 Correlation gather of the domain integral

time [s]

0.4

05 | | | |
-500  -400 -300 -200  -100 0 100 200 300 400 500
Offset [m]

Figure 8-13: Correlation gather for seismoelectric interferometry compiled for 10000 source
positions in a domain stretching from —500 meter to 500 meter. The receiver locations at —75
meter and 75 meter are indicated by dashed lines, and labeled 3 4 and =3 . Two events can be
distinguished, events a and c, see text. Two alternative boundary points can be take such that
event b hits both boundaries simultaneously. One possible choice is levels labeled 1 and 2, see
Figure 8-16.

It is very useful to study a correlation gather, because it gives visual insight on stationary
phases and contributions from different regions of the source coverage. Usually the correlation
gather is created from the sources on the boundary only, but since we deal with a seismoelectric
diffusive system in 1D we can collect a gather of the sources in the domain integral. The
receivers are 150 meter apart from each other in medium type B, the correlation gather
covers a total length of 1000 meter and is compiled for 10000 source positions. In Figure 8-13
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the gather is shown on a linear gray scale with a clip value of 0.0001 of the maximum value.
We can only distinguish two events. Event a, is nearly stationary for all offsets, see Section
9-4-2, and arrives around ¢ = 0 seconds. Event b, is not visible in Figure 8-13. Event c, is
non-stationary for all offsets except for sources near receiver B it gives a strong contribution
at t = 0 seconds. This event resides in positive times but is not symmetric around the mid-
point of the receivers, it intersects with the contribution from the boundaries at different
times for symmetrically positioned boundaries. The further away we choose the boundary
positions from receiver B, the later the arrival times of the strong spurious events in the
separate contributions from the domain and boundary integrals.

-500 -400 -300 -200 -100 0 100 200 300 400 500
Offset [m]

Figure 8-14: Logarithm of the absolute value of the Correlation gather in Figure 8-13. We can
now distinguish three events, labeled a, b and ¢, see text.

In Figure 8-14 we see the logarithmic value of the absolute amplitude of the correlation gather
in Figure 8-13. We can see a third event labeled, b, that is several orders of magnitude smaller
than events a and c¢. This event is stationary for the parts of the domain that lay outside
of the receivers span. It is non-stationary in between the two receivers and arrives at causal
times if we are at w3 < x3 4 and at anti-causal times for x3 > 3 p.

8-2-3 Alternative boundary positions

There are two distinct boundary positions that give a special alignment of physical and
spurious events. The first has been proposed in the correlation gather Figure 8-13. If we
choose our boundaries at equal distances from receiver B, for example as in Figure 8-15,
we would find that the two strong spurious events in positive times overlap, see top panel of
Figure 8-16. The other choice is to place the boundary points just outside the receivers, it can
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easily be seen in Figures 8-13 and 8-14 that the spurious events would arrive simultaneously
with the two physical events, see bottom panel of Figure 8-16. Remember that we have to
include both receivers inside LL for the interferometric representation to hold, see Section 6-5.

. 0 [ .

X3 X3 A X3B X3.0

<<€ > < >
325 m 150 m 325m

Figure 8-15: Alternative position of receivers and boundary points for 1D interferometry; bound-
ary points are taken symmetrically around receiver B at a distance of 325 meter. Example is shown

in Figure 8-16.
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Figure 8-16: Reconstructed signal using two alternative positions of the boundaries. Top panel;
boundary points are both at a distance of 325 meter from receiver B. Bottom panel; boundary
points are just besides the receivers.
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8-3 2D Seismoelectric interferometry in a homogeneous medium

We consider the situation of two receivers in a homogeneous world. The z; and x3 axes being
the horizontal distance and depth. We position receiver A at a depth of 225 meter below the
upper domain boundary and receiver B positioned 150 meter directly below receiver A. The
lower domain boundary is located 600 meter below the upper boundary. See Figure 8-17 for
the experimental setup. We use the modeling method as described in Part I of this thesis,
but deal with a rather simplified case because there are no heterogeneities. We evaluate the
interferometric representation for GV (x g, x4,t)+G¥Z (x4, xp, —t) in 2D given by equation
7-45. We place sources spaced as 1 per squared meter on an area of 1794 x 600 squared meters.
All sources emit a Ricker wavelet, equation 5-12, with a central angular frequency of w = 800
radians, the recovered Green’s functions are convolved with the autocorrelation of the source
wavelet. The Green’s functions were calculated using a time sampling of At = 0.001 seconds.
We omitted the side boundary dS; for the calculations in this section. We used the medium
parameters of medium type B, see Section 5-2.
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3 4 5 A
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o o

3 50 0
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Figure 8-17: Geometry for 2D seismoelectric interferometric experiment. The dotted lines labeled
1, 2, 3, 4 and 5, denote the locations of the correlation gathers in Figures 8-24, 8-25 8-26, 8-27
and 8-28, respectively.
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Figure 8-18: Exact and retrieved superposition of GV/*(t) and G¥*/(—t) in medium type B in
2D.

In Figure 8-18 we see the exact and retrieved super position of GV (xB,xa,t) +
GF ’i(xA,xB, —t). We recover the second physical events, labeled b_ and b, arriving near
t = +0.07 seconds, very well. But we do not recover the first event, labeled a, so well. In ad-
dition to that, we see two small spurious events, labeled by, arriving at early times ¢ = £0.02
seconds. In Figure 8-19 we plotted the separate contributions from the boundary integral and
the domain integral. We see strong spurious events in the separate contributions from the
domain and boundary integrals that cancel each other after combination. The cancellation is
imperfect, as in the 1D computations, and some spurious events remain in the end result. In
Figures 8-20 and 8-21 we can see the contribution from each source level with depth. Figure
8-20 is a 2D version of Figure 8-13, but it is a correlation gather in the sense that it is a
compilation of summed horizontal correlation gathers. In 2D we encounter some additional
spurious events with respect to the 1D results due to the limited source aperture in horizontal
direction. Event a in Figures 8-20 and 8-21 form the first arrival, event b forms the second
physical arrival. Event c is canceled by the boundary contributions from the upper and lower
boundaries. Events bs; and c¢s are spurious events, whose origin we can see later in Figures
8-24 and 8-25.
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Figure 8-19: Boundary integral, domain integral contributions to the exact retrieved signal.
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Figure 8-20: Source contributions with depth to the recovered signal in Figure 8-18; the domain
integral crosscorrelations have been summed in the horizontal direction for each depth level,
creating one trace for each depth level. Annotations see text.
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Figure 8-21: A close look at the time window ¢ = —0.1 to t = 0.1 seconds of Figure 8-20,
brightening has been adjusted to enhance arrivals b and bs. Annotations see text.
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Figure 8-22: Source contributions with horizontal distance to the recovered signal in Figure
8-18; the domain integral crosscorrelations have been summed in the vertical direction for each
horizontal position, creating one trace for each horizontal position. Annotations see text.
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Figure 8-23: A close look at the time window t = —0.1 to t = 0.1 seconds of Figure 8-22,
brightening has been adjusted to enhance arrivals b; and by. Annotations see text.
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In Figures 8-22 and 8-23 we show the contributions per horizontal distance, we compiled
summed vertical correlation gathers. Events b_ and by, are clearly constructed by sources
with a lateral position close to the line crossing both receivers. This is not the case for event
a, that has contributions from sources outside the considered domain. Events ¢, ¢; and ¢, are
appearances of the spurious event in the domain integral that is canceled by the boundary
integral. Event c is the stationary phase in the vertical correlation gathers, of the spurious
event in the separate contribution from the domain integral. Events ¢; and ¢, are the spurious
events in the separate domain contribution that arise that the top and bottom of the domain.
We can see that the spurious event caused by neglecting the boundary integral over 9S;
arrives even later than the window shown in Figure 8-19. There is an additional spurious
event clearly visible in Figure 8-23, this ‘cross’ is caused by cross-correlations remnants of the
spatial and temporal wrap arounds in the calculations of the 2D Green’s functions.

Finally, we show five cross sections from the cube of crosscorrelation traces through the
domain. Their locations are shown in Figure 8-17. The horizontal correlation gathers are
chosen above and below the receivers, respectively. Note how event b is located in positive
times for the sources above the receivers and in negative times for sources below the receivers.
We can also see that event a is stationary with respect to horizontal position. Event b becomes
stationary with respect to horizontal position, for sources near the line crossing both receivers.
Spurious event ¢, arrives at increasingly later times for the sources away from the receivers.
Figures 8-26, 8-27 8-28 are three vertical correlation gathers, they have been chosen at one
side of the receivers because the behavior of the correlations is symmetric in 1 as can be seen
in Figure 8-22. Events a, b and ¢ can be seen, but only event a is stationary with respect
to depth. We can see how event b gradually moves from positive times for sources above the
receivers to negative times for sources below the receivers.
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Figure 8-24: Correlation gather of horizontal surface of sources at x5 = 150 meter. Annotations
see text.
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Figure 8-25: Correlation gather of horizontal surface of sources at x5 = 450 meter. Annotations
see text.
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Figure 8-26: Correlation gather of a vertical surface of sources at x1 = —800 meter. Annotations
see text.
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Figure 8-27: Correlation gather of a vertical surface of sources at 21 = —600 meter. Annotations
see text.
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Figure 8-28: Correlation gather of a vertical surface of sources at x1 = —400 meter. Annotations
see text.



Chapter 9

Discussion and conclusions

We discuss the results of Part I only briefly, because the results are relatively straightforward.
The 1D results of Part II are discussed with particular attention to how the events were created
by the interferometric representation. We discuss the relative contributions of different parts
of the boundary and domain integrals. The relative contribution of the different terms under
the integrations of both the domain and the boundary are discussed. Finally we explain the
2D results using the concepts we have learned from the 1D simulations.

9-1 Forward modeling in 2D

The derivation of the two-way wave equation was already performed by previous researchers
[White and Zhou, 2006], [Wapenaar, 2007, in preparation], in this work we included a small
but valuable extension by including deformation rate sources. This completes the two-way
wave equation and enables us to evaluate the 2D interferometric representations in Part II.
The causality trick has been applied to successfully minimize temporal wrapping caused by
the improper discretisation of the solution. Spatial wrap around can be avoided choosing an
appropriate space-time window as already discussed by Haartsen and Pride [1997]. However
they did not note that the ’flat’ arrivals, i.e. with a very small hyperbolicity due to the
relatively fast electromagnetic speed, also wrap around. Events that are even in space, see
the flat arrivals in Figures 5-12, 5-14, would become enhanced, while flat events that are
uneven in space, for example in G¥/3", would become faded, especially on the flanks.

9-2 Seismoelectric interferometric Green’s function representation

In Chapter 7 we derived specific representations of Green’s functions between two receivers, as
a function of sources in and on a domain and it’s boundary that encloses both receivers. The
boundary integral in equation 6-10 is a summation of 4 different source types, simplif param-
eters and source functions, we drop the subscripts A and B and the reciprocity theorem of the
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correlation-type reduces to Poynting’s theorem. The domain integral over the term containing
the coupling coefficient reduces a domain integral over 23m{©§frﬁg,r}9‘ie{pf L}. Tn words this
term constitutes the energy that is transferred to heat in the coupling of electromagnetic and
seismic fields. It is interesting to see that this term is weighted by the conservative strength
of the coupling coefficient, so this term is only as strong as the coupling between the seismic
and electromagnetic fields.

0-3 Numerical evaluation of the Seismoelectric interferometric
Green'’s function representation

The interferometric representation of GV (x g, x4,t)+GF ’i(x A,Xp, —t) has been shown valid
for the bandwidth of the source function, in both 1D and 2D, see Figures 8-2, 8-4 and 8-18.
But we can safely say that it is valid for the entire bandwidth for which the seismoelectric
system of equations is valid. Our numerical simulations of the interferometric representations
carried additional spurious events besides the physical events that are predicted by the exact
direct modeled Green’s functions. All those spurious events can easily be attributed to ei-
ther a numerical artifact or an artifact arising from the approximations made in the discrete
interferometric representations. With numerical artifacts we mean events that were caused
purely by the way we calculate the responses at the receivers. For example the weak remnant
of temporal wrapping caused when using a discrete Fourier transformation. Artifacts caused
by approximations of the interferometric representations include those of ignoring the sides
0S; and of the finite sampling of the Riemann sum that we use to approximate the domain
and boundary integrations. The most obvious observation is that both the domain integral
and the boundary integral contain a very strong spurious event that interfere destructively.
In Figure 8-6 we see that for this destructive interference to lead to a spurious event smaller
than the second physical event, the Riemann sum has to be sampled quit dense. Definitely
with Ax; < 1 meter for the media types as defined in section 5-2. But this will depends on
the receiver offset and the distance to the boundaries. There are two such strong events, one
associated with each boundary. They both arrive in positive times for the interferometric
representation for GVZL" (xp,x4,t) + G¥L(x4,xp, —t). Since the left-hand side of the inter-
ferometric representations in matrix form, see equation 6-10, is Hermitian the right-hand side
also is. If we evaluate GE’i(XB, x4,t)+GYL" (x4,xp, —t), both strong spurious events would
reside in the negative time window. This is good news, we can use this knowledge to interpret
spurious events arising when we ignore the domain or boundary integral.

9-4 Domain versus boundary integral

For common seismic interferometry, the domain integral can be ignored because the losses
are low. The effect of ignoring the losses would only affect the amplitudes of the arrivals, and
not create any additional spurious events [Snieder, 2007]. The same has been concluded for
mildly diffusive electromagnetic systems [Slob et al., 2006], with the provision that ignoring
the surface integral did not lead to more spurious events than those that had been created by
simplifying the surface integral under a far field approximation. We did not perform a far field
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approximation of the boundary integral, so this connot yet be concluded for seismoelectric
interferometry.

In a homogeneous medium the surface integral disappears if our domain covers the entire
infinite medium, provided the medium has one or more non-zero loss terms. Then, even
when the domain only covers part of the infinite medium, the contribution of the boundary
integral decreases with distance due to the losses in the system. If the boundary is far away
with respect to the receiver offset and the losses in the domain are high enough, the spurious
events that remain after neglecting the boundary integral are negligible.

In Figures 8-3 and 8-5 we can see that the contribution of the domain integral to the sec-
ond physical event in positive times has the correct phase but the amplitude is too strong,
while the contribution to the second physical event in negative times is too weak. The seg-
ments of the domain integral outside the receiver span complement the contribution of the
receiver span. If the domain integral does not extend over all space, the boundary integral
complements the domain integral. We recover an asymmetric signal, see Section 7-4-2, the
contributions of the domain segments outside the receiver span and additional contributions
of the boundary integral to have equal polarity for both second physical events, see Figure 8-7.
This cannot easily be extended for inhomogeneous media, because separation of the domain
in three segments is no longer valid due to reflections and transmissions. The sensitivity of the
amplitude errors introduced when we omit the contributions of the domain integral depend
on the wave-type of the arrival. We can see in Figures 8-3 and 8-5 how the contributions of
the boundary integral, relatively to the domain integral, is of larger contribution in medium
type B than in medium type A. But the domain integral contribution is of higher importance
to the first physical events around ¢ = 0 second in medium type B than in medium type
A. In Section 5-3 we discussed how the second event travels as a shear wave and the first
event travels as an electromagnetic wave. The shear wave losses are concluded to be higher
in medium type A than in medium type B, see Section 5-2, while the electromagnetic losses
are higher in medium type B than in medium type A. The conclusion is that the ampli-
tude errors arising from ignoring the domain and or boundary integral contribution will in
general be different for all events. Depending on the wave-type and of the receivers to the
boundaries. However, this does not mean that ignoring the domain integral will cause the am-
plitude of the second physical events in both positive and negative times to decrease. In fact
for GVL" (xp,x,t) + GE’i(xA, xp, —t) the amplitude of the second event in G<" (xp,x4,1)
will increase, while the amplitude of the second event in GF ’i(x A,Xxp, —t) will decrease.

0-4-1 Main contributions to the retrieved result

Even though we need the entire representation to retrieve the exact Green’s functions, there
are certain parts of the representation that contribute significantly less than other parts.
In Figures 8-10 and 8-11, we see how terms 3 and 4 create the second physical events in
GUL (xp,x4,t) +GE’i(xA, xp, —t) and how term 1 and 2 create the first physical events that
arrive around ¢ = 0 second. Terms 1 and 2 are boundary integrals over electromagnetic sources
(see equations 8-1 and 8-2), they create the event that arrived with the electromagnetic wave
speed. While the seismic sources (see equations 8-3 and 8-4) create the event arriving with
shear wave velocity. Ignoring one type of boundary sources would inevitably lead to missing
either electromagnetic arrivals or seismic arrivals in the contribution of the boundary integral.
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The contribution of the domain integral is almost completely given by the 37¢ term,
GVL(x3 B, x3)Re{p! LIGF2L*(x3 4,%3). This term contains recordings of two different fields
at two different receiver positions of two different source types at the same source position
acting simultaneously. These Green’s functions are each very strong, because they measure
the field type associated with the source type, i.e. Es response of .J§ and v3 response of f o
The weakest contribution comes from the 2"? term, that contains recordings of two different
fields at two different receiver positions of two different source types at the same source posi-
tion acting simultaneously. But each recorded field is the response of the other source type,
i.e. FEs response of i2 and v3 response of J5. Some events that arise in these crosscorrela-
tions are to weak to be visible in the figures of Chapter 7. The third term has no significant
contribution to the second event in negative times. The total but weak contribution of the
domain integral to reconstructing the second event in negative times comes completely from
the 4th term. The 4*" term most dominantly compensates for the shear wave losses inside
the domain and is the most important contribution to events by and b_. The 1! term most
dominantly compensates for electromagnetic losses inside the domain, it is the most impor-
tant contribution to event a. There will be a loss of amplitudes and imperfect destructive
interference of spurious events, but judging from the small contributions of the 15 and 4"
terms in the domain integral, they can probably be ignored if the boundary integral is close
enough. The 2™ and 3"¢ term cannot be ignored. Although the 2"d term is very weak, it is
closely associated with the 3" term. This can be seen when we complex conjugate the entire
expression, the 2" term transforms in the 3" term and vice versa. This is the key to the
Hermitian property of equations 7-15 and 7-43. The condition set by Wapenaar [2004] that
the loss matrix should be diagonal for the interferometric representation to become a direct
crosscorrelation of two Green’s functions seems to be hard to realise. Simply ignoring the off
diagonal terms would seriously affect the amplitude and phase of the recovered events, the
spurious event ¢ would also remain in the recovered result.

9-4-2 Stationary phases

A stationary phase in the context of seismic interferometry has been used to refer to positions
of sources on the boundary integral for which the phase of certain events in the correlation
gather becomes stationary [Snieder, 2004al, [Snieder, 2006], crosscorrelations of recordings
due to these sources have stationary arrival times. In 1D the boundary integral consists of
just two points, that logically are at the stationary phase for all events. But since we deal with
a domain integral over the loss functions, we see that both physical events are stationary for
line segments 1 and 3. In Figure 8-14, we can see that event labeled b, corresponding to the
second physical event in positive and negative times, has stationary contributions from the
line segments outside the receiver span. The same can be said for event labeled a in Figures
8-13 or 8-14, corresponding to the first physical event, but since it’s arrival time is almost
zero seconds, the non-stationary behavior for line segment 2 is not visible. It is interesting
to note that the spurious event, labeled c is non-stationary in the entire domain. Choosing a
larger domain would not only decrease the amplitude of the spurious events in the separate
boundary and domain integrals, but also increase the arrival time.
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0-5 2D versus 1D

An important step toward real situations is to understand the interferometric representation
in 2D. Fortunately, the results are very similar to 1D, but because we omitted the boundary
integral over 0S; we expect some spurious events. In Figure 8-18 we see that we reconstruct
the second physical events very well, but reconstruct the first event with a too strong ampli-
tude. In Figures 8-22 and 8-23 it is simple to see the consequences of modeling in 2D. Firstly,
we see how the vertical line with 1 = 0 meter contains all stationary phases, see also Figures
8-24 and 8-25, outside this line all phases are non-stationary. This is a direct consequence
of the positioning of both receivers on a vertical line. However, sources positioned in the
limits x1 — 400 are at stationary phases for all physical events. however, source contribu-
tions decreases with distance because of the losses in the system, if we extend our domain in
horizontal distances far enough we can exclude the sides of the boundary. We see how event
a in Figures 8-22 and 8-23 is clearly cut-off due to the limited horizontal aperture. Event
¢ has a very strong contribution to the reconstruction of the first arrival. The amplitude
of the contribution of event c¢ is decreased by event a, since event a was not reconstructed
perfectly, the combination with ¢ will lead to an event that is too strong. We can also see
two small spurious events at ¢ = £0.02 seconds in Figure 8-18, these are spurious event due
to the limited horizontal aperture, see Figures 8-23 and 8-24 or 8-25. Figure 8-23 also gives
us a good insight on the reconstruction of event b,.. We can see the strong event, labeled b,
that in 1D is created by the sources in the segment of the receiver span. We see a very strong
event that will be decreased by the contributions of sources outside the receiver span and on
the boundary integral. The spurious event c is also non-stationary in the x; direction, these
should be canceled by destructive interference with the contributions from the 0S; bound-
ary. The stationary contributions to the physical events remain stationary lines, they lie in
a vertical line with 1 = 0 meter. We can conclude from Figure 8-23, that the line segments
outside the receiver span are the stationary lines for events a and b. The boundary integral
contains stationary phases for the physical events, where the stationary line of the domain
intersects the boundary.

9-6 Conclusions

We validated the interferometric Greens function representation for GV (xp,xa,t) +
GEJ(x4,xp,—t). We have shown that we need a dense distribution of sources through-
out a domain and on its boundary to obtain exact reconstruction. The electromagnetic
sources of the representation contribute dominantly to the reconstruction of the diffusive EM
field. The seismic sources contribute dominantly to the reconstruction of the shear wave field.
Sources near receivers cannot be neglected for the reconstruction of GV4°. A strong non-
stationary event is identified in the domain integral and boundary integral contribution to
GVL(xp,x 4, 1), it is absent in the reciprocal Green’s function GE’f(xA, xp, —t). A numerical
study should be conducted to generalize these conclusions to inhomogeneous media.
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Appendix A

Derivation of the seismoelectric
two-way wave equation

In this appendix we will derive the seismoelectric two-way wave equation of chapter 3 following
[Wapenaar, 2007, in preparation]|, prepublished by Shaw [2004]. The two-way wave equation
3-1, A-1 equates the vertical variation of the contiuous field quantities as a function of the
horizontal derivatives of the contiuous field quantities and a source vector,

9.4 = Aq+d. (A-1)

The field quantities that are contiuous over a horizontal source free interface are captured
in the vector q, see section 2-3. The two-way wave equatlon equates the vertical variations
in q as a function of the horizontal derivatives of q in A and a two way source-vector d.
We consider an 1sotrop1(: medlum in addltlon to the parameters given in section 2-1-3 and

2-1-5 we define ﬁ)E k,
ﬁfj = pEéij, €ij = €0y and €rij = 5551],

p ELZ and in isotropic media we have

We rewrite the equations of motion 2-9 and 2-10 as
iwptv +iwpl 605 — 0,70 = £7, (A-2)
iwp? 819 + Z (i £ (751330 + 53E3>) vop = fY, (A-3)

where the vectors v* T , Eo, £, 6; and v; are defined as

A ~b £b
o b T B b g i 01
oS - ~b ~b DI £b _ £b - . — i
v = ’US 77-j_ 7-2] 7E0_<E >af - 2 751_ 621 771_<52>
08 7_b 2 b Sas 7
3 3J 3 34

(A-4)
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Before we rewrite the stress-strain relations 2-11 and 2-12 in a similar form, we eliminate the
term Opwy from equation 2-11, using equation 2-12. This yields

—iwrl + €0 0f — m%@-jﬁ = e;juh), (A-5)
with e;jx; defined as
€ijki = Cijkl — 225@51@1- (A-6)
The stress-strain relations A-5 and 2-12 are now written as
— Wl + eV — m%(sjp = e;hl, (A-7)
iwp + A8tV + Mgy, = dlhd+ My, (A-8)

with matrix ej; and vector 0 defined as

€1i1; €125 €143j5
€5 = €2i15 ©€2i25 €2:3j . (A-9)
€3i15 €3i25 €335

Note that
eﬁj = ej;. (A-10)
The electromagnetic field equations 2-35 and 2-36 are rewritten as
LA T U ~ 2 a2 2 Is,e
wérEqy + zﬁ’yawa + 0sHg — < ) Hy = —-J3°, (A-11)
—01
iwér + %ﬁw;g - (61 82) I:I(] = —j;’e, (A—12)
. 2 - a1 - Is,m
twpoHp + 03Eg — By FEy = _JO , (A—13)
Z'w,u()ffg — 63E0 — (81 82) E(] = _j;,m’ (A—14)
were the vectors Ho, J5¢, J5" are defined as
R ﬁ—Q as. js,e as. js,m
H0:< _ﬁl >7J86:< j;s,e >7J8m:( _}ls,m . (A'15)
Next we separate the vertical derivatives in from the lateral derivatives, according to
— 7S = —iwptV® —iwp’ (Butbe + O3103) + 007l + £7, (A-16)
dp = —wpldhve — % (1173 - /EE?)) + f:{, (A-17)
~S —1 [ ,~b o d N ~S -1 b
0V° = egy |iwTsy+ zwﬂégp —e3303V° | + ez; ezhy, (A-18)
» W d /st o8 t o s A 1710 oA
63]30 = —w,u()I:Io + ( g; ) Eg - jg’m, (A—QO)
I 0\ 5 aee
0Hy = —iwéfEg— Eﬁ’)’awa + P Hs — JO . (A—21)
—01



109

Using equations A-3 and A-7, we can eliminate the terms d,w, and 9,7, from equation
A-16, yielding

— 037 = —iwp"V* +iwp! 84 (zwpfgétavs + Eaap - £’7’ZEO> — iwp! 8313

1 X oood o N s gk
+Eaa <eagﬁgvs + e,303v° — szdap) + 0 — zwpfﬁéafg:
1 ~
+—0peqhl,  (A-22)
iw
or upon substitution of equation A-18

d
- 83%% = 0q (eocg,e33 7'3) + zwp 6 aOap — 8a <z’era]§ — Ra56505>
i [ e — i (o E E) o5 ionf Satin — iwnd
iw | p’Is —iw (p 5 oy, | V¥ —iwp! dzws — iwp E(Sa'yan

. k. . 1 X
+° —iwp 28, fL + —0aRaphl,  (A-23)
n w
where I3 is a 3 X 3 indentity matrix and
Ras = €ap — €ases; €3, (A-24)
r, = 0,— eagegglég. (A-25)

Note that Rflﬁ = Rgo. On account of equation A-10, Using equation A-12, we eliminate Fy
from equation A-17, yielding

1
03p = —iwpfdgffs i (1 + 7752) w3 +

1
17 (0,0, H —74&7” A-26
i (01 02) Ho PRl +f1. (A-26)

wWér k;

Using equations A-18 and A-3, we eliminate the terms d3v*® and dgwg from equation A-19,
according to

. d o of. . . do iw S
O3w3 = —M6§e331 <w7'3 + sz63p> — Mp + 03 (nﬁgp + zwpfgé%v — EW%E())
d ig s k rf d ;» i

Using equation A-12, we can eliminate F5 from equation A-21, yielding

. . o\ 1 .
sEy = —twpoHg + ( al > — (81 (92) H,
2 TWE L

_ o1 1 n _asm 01 1 2s.e
< o)) > iwér kﬁ =30 ( o)) > iwégjg . (A-28)

Using equations A-14 and A-3, we eliminate Hs and @, from equation A-21, yielding

OsHy = —iwé By + %E’ya (iwpf 563‘78 o (aap - fgj> — zzygE()) B

O 1 ~ 0 1 sm
+< _;1 > 8y — 1) By — ( _;1 > —J¥™ (A-29)

W0 W
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Equations A-23, A-26, A-28, A-18, A-27 and A-29 are now combined into the seismoelectric

two-way wave equation, according to

where the wave vector q and the source vector d are defined as

£ — iwpf%(safo]: + %(%Ragﬁ%

~b Ff 1 pAn7s,
T3 fz = iwé££%=]§€
p Fs,m 81 1 7s,e
. E, q— —J - < D > ’iwéL;J:S
L N R B + g eg !
" 3T €33 €3alla
i, d = 0541 + iy
0 . L ) .
k) f 2 1 b
=J0¢ = Ly fa — ( vy > iw#ojgm

and the operator matrix A as

. A A >
A 5 y )
( Az A

with

S W e e ) Bl B e B
All All All A12 Al2 Al2

S o T T O Bl B i By
1 A’Zl A’Zl A’22 A22 'A’ZZ

Where

(A-30)

’ (A_?)l)

(A-32)

(A-33)
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Ay = 0, (ea393_31') ) (A-34)
~12 . k d
A = zwpfﬁéaaa — 0, (Mra-> , (A-35)
Ay = —iwpl L8, (A-36)
~ 11 1 ) ) 2
A12 == Eaa (Raﬁaﬁ) —w (pb]:?) —w <pf> ,,76&61;) ) (A_37)
Ag = —iwp’ 3, (A-38)
Al = —iwp 8, (A-39)
. 1 A
Az = T (1 +— ’352> : (A-40)
k iwér

~23 1 n4

_ J A-41
Al s kc (8102) (A-41)
~ 32 81 1 mn s

- A A-42
Ay = -(0) e (A2
~ 33 . 0 1
A, = —iwpely + 8; ) s (0102) (A-43)
.A; = —iweggl, (A-44)
~ 12 od
A, = sze%ldg, (A-45)
~ 21 o d _
Ay = WM‘stse?,?)la (A-46)
A od? _ w k
A = —Wﬁfsge:ﬁ:&l‘sé T I3 (naﬁ'> ) (A-47)
~ 23 ~
Ay = -0l (A-48)
A = fd (A-49)

1 = aVa, :

~ 33 Lo 0 1 -
Ayl = —iwépls + < —5291 ) o (O —01) — %5270/727 (A-50)
~ 11 _
Ay = _933193,836’ (A-51)
. k
A;; = 03 (iwpfn(stﬁ> - %rtﬁa@ (A-52)
Ay = iwp L, (A-53)

where I is a 2 x 2 identity matrix. The submatrices that have not been listed are zero. The
stiffness matrix ej reads, according to equations A-6, A-9 and 2-16

(€j1); = €ijkt = S0ij0pr + N (0051 + 6adjn) (A-54)

with 2
2
S=Kg—-N——. A-55
o-iN- S (A-55)
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We have eliminated the fields 74, 7%, E3, H3, w; and ws. The source quantities J3*¢, J5™, flf,
fg , h} and h} are still contained in the source vector d. The eliminated field quantities can
simply be calculated, using equations 2-22, 2-23, 2-10 and A-7, from quantities in q according
to

5 1 a AU A 7s,e
By = - (o8 — 01ty — £y — J5°) (A-56)
] 1 > - 78,m
H3 = i (azEl — OBy — Jy ) ; (A-57)
k A
an = o (H - o —iwplor) + LB, (A-58)
k
iy = (o —iwp'5) + LB, (A-50)
1
-7 = o (euh +2w*51p —eydv ) (A-60)
—75 = L eyh] +Zwi52p — e v ). (A-61)
w M



Appendix B

SH-TE Decomposition

B-1 Velocities

We start from the matrix Agy,e of the SH-TE mode 3-33 in the horizontal-wavenumber
frequency domain it is given by

0 —iwpl L —iwp® + @N 0
~ 0 0 0 —iw
Ashte = —iwi 0 0 OMO . (B—l)
N
RN ik? 1 . A
0 —iwé + 71% iwpl L 0

When we omit the subscript s, by default we mean the SH-TE system in this appendix.

To solve for upgoing and downgoing waves, we determine the eigenvalues of the system matrix
‘fl — I)\‘ = 0. The trivial solution of a zero-eigenvalue gives the velocity for a wave traveling

purely in the horizontal direction. Hence the velocity in a layer is found solving ’fi‘ =0,

0 —iwpl £ —iwpr+ BN 0
0 0 0 —iWQ
1 =0. (B-2)
— Wy 0 » 0 ) 0
0 —iwe+ L iwp! L 0
We perform Laplace development over the first and last columns, this leads to
oo E i1 BN
O e T (B-3)
N7 —iwé+ 71% iwpl L
since for w # 0 the factor w?£¢ # 0, we have
—iwpl L —iwp® + %N
N zk% 1 . fp - 07 (B_4)
—twé + —+— iwp! L

w o
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thus 2 2
2 . ik ke 1
w W Mo
.. k2
or as quadratic in -},
MY T (Lpepen)] B (p"2£% + (572) =0 (B-6)
po ) wt Ho w? ‘
—btvb2—dac

The general solution to a quadratic equation axz? 4+ bz + ¢ = 0 is given as x = o

2
Using this to solve for % in equation B-6 gives

k‘2 ~C . AC R 2 AN 2
25 = % téug £ \/<fv - euo> - 4% (pfc) . (B-7)

2
For horizontally propagating plane waves we have % = é%, hence for the velocities of SH-TE
seismoelectric waves we have

2 0 (L i 4“°(fﬁ)2 (B-8)

The plus sign is associated with the velocity of the SH-wave ¢z, and the minus sign with the
velocity of the ¢;. wave, as can be seen when the coupling coefficient is set to zero £ = 0.
These velocities are a function of the medium parameters of the layer under consideration.

B-2 Non-zero eigenvalues

We look for non-zero solutions of the equation )fi — I/\’ = 0. Thus we solve for

A —iwpl £ —iwpr+ N 0
—z’g}V oA' ) —OA ZOOJMO =0, (B-9)
0 —wé + %% iw,ofﬁ A
performing Laplace development over the 4* column leads to
Y —iwpl £ —iwpt+ N
—iwpp | —iw 0 - (B-10)
0 —iwé + ﬁﬂ—lo iwpfﬁ
A —iwplf —iwpe+ BN
=A 0 -2 0 =0.

—iw 0 —A
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In the first determinant of equation B-11 we perform Laplace development over the middle
column, and in the second determinant we perform Laplace development over the first column

201 1.2 N ik?
2 fp| TWN _)\A o o ik T A —wpt+ N
wpop’ L 0 iwp! £ (—iwpo) ( Twé + © o —iw% )
—)\ 0 . 1 —9 f[: — 3¢ + ﬁN
2 (L iwp iwp - _
+A 0 _)\‘ /\< sz>| ) 0 0
(B-11)
or
)
_ 4@<w)2_ _ ey LY e
W oL (—iwpg) | —iwé + o 1 A
ik? 1 k2 1
+ (—iwpp) (—iwé + Zl) <—iwﬁc + “N) (—iw)
w o w N

ot a2 (i) (—iwpe + ﬁN =0 (B-12)

N r w o

From equation B-12 which we extract a quadratic function in A2
. p°
PE [(uﬂuoe — k‘%) + <w2N — k%)} A2
A\ 2 AC

+ [w“jvo (pf£> + (wPpoé — k) + (&fv - k%)} =0, (B-13)

which we solve again as a quadratic function;

e e 2 N\ 2
A2 = _o? (?v + é,m) + 2k + w2\/ (Jpv - éuo) - 4% <pfﬁ) . (B-14)

Equation B-14 can be simplified using the expression B-8 for the seismoelectric velocities,this
leads to

2

k2 — A2 = ‘;’—2 (B-15)

We define an operator H = \/ﬂ , such that our eigenvalues are
iﬂsh, '”:[te, —iﬂsh and — iﬂte. (B-16)

In what follows we will use a generalized eigenvalue z?jli = Fi,/ ‘c"; — k% = :Fz"l:{w. In which

the superscript * denotes upgoing or downgoing waves (T denotes down) according to the
choice of the sign of the square root operator made in section 3-4 and the subscript ,, denotes
the wavetype. We have diagonalized the matrix A and find H, where
iHL 0 0 0
- 0 M, 0 0
H = te — . B-17
0 0 H, O ( )
0 0 0 TH,
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B-3 Eigenvectors of SH-TE system

We need the eigenvectors to diagonalize the system matrix A and decompose the SHTE fields
—723, E», U5 and —H; in upgoing and downgoing waves. We start from a general elgenvalue

szj and derive a general eigenvector a. From the eigenvector problem (.A— ’H) a, =0

we have four equations for each eigenvalue,

- iﬂiafw — iw,ofﬁa;w + <—pr + kN) az, = 0, (B-18)
—iHyay,, —iwpoay,, = 0, (B-19)

—iw ;f —iHpaz, = 0, (B-20)

<—z’wé + ij:()) aiw + iwpfﬁa?f — iHEas w = 0. (B-21)

We solve this set of equations, normalizing to a3 », = 1, from equation B-20 we find

o+
af, = - <H“’> N, (B-22)

at,=——%—af,. (B-23)

T (é _ G)V) (B-24)

Summarizing, we have

g H
S

= , (B-25)

where

‘1 w (B-26)

There is another expression for the scaling term é . Which we find when we substitute equation
B-23 in equation B-21

2 1 . B 4+
<—zw5 + ZM) a;w +iwp! L —iHE (—Hwa2i7w> =0. (B-27)
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. . +
Again normalize to ag,, = 1, we find

Iz
fop
a;w = —- (B-28)
ey — %
This choice leads to B
+He v
)
+ fu}
aw - 1 9 (B_29)
+le Le?
where a
g __ prk (B-30)

w
(ro- &)
If we equate B-26 and B-30 we obtain B-8.

There is an expression for a: from Haartsen [1995], Pride and Haartsen [1996],
Haartsen and Pride [1997]. This one was previously also used by Shaw [2004], van der Burg
[2002] and White and Zhou [2006], rearranging and rewriting for the fields in our SH-TE
two-way field vector q gives

al = w : (B-31)

where

Y P (B-32)

We now equate 5}) and é?u, this is a little tedious,

A _ molp” (p'E, — N) (B-33)
pfL écpoplEd —pf
with
(0')* ;
pe={r" -3 and ép=¢é—pPL2 (B-34)
p
Cross-multiplying the denominators gives
N . . . ma R A R A
(X -5) () s = o) (72). o5
w

We divide by p/ and develop all multiplication terms

. cen “E A e AE A2 N
Népo — pepoty, — NpPL2po + 59" L2 pocy, — = + 07 =
w

poL?pP pbe2 — NypuoL?p", (B-36)
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summing out the N MO,Z:QﬁE term, dividing by ¢2, and rearranging gives

1 . . 1

w w

— (8n0p® + p"p" L2 10 — 5" L300 ) = 0, (B-37)

(o)

Now we replace the p¢ in the last term with p® — E and we find

1 1 2\ 2
N— = (p°+EpoN) 5 — Epop® + po (pf E) =0. (B-38)
C'lU C'Ll)

Which is again the quadratic function in c% found in section B-1 deriving the seismoelectric

w

wave velocities ¢, thus £ = £2.

B-3-1 Stability of the scaling terms

We have shown that all three scaling terms B-26, B-30 and B-32 are equal. However,
this does not mean that they can all be applied for seismoelectric modeling. The third
expression for the eigenvectors using §w, see equation B-32 has been used successfully by
previous authors [Haartsen, 1995], [Pride and Haartsen, 1996], [Haartsen and Pride, 1997],
[van der Burg, 2002], [Shaw, 2004], [White and Zhou, 2006]. The first two expressions for
the eigenvectors using fw or §w, see equations B-26 and B-30, are both esthetically preferred
above the one one used by previous authors. However the terms fw and §w exhibit numerical
instabilities. Through trial and error we found that if we combine ftle and égh we can construct
stable composition and decomposition matrices. In figure B-1 we plot é;h, étle, égh, éfe, Agh
and &, in the first subsurface layer and see the instability issues.

B-4 The decoupled SH-TE systems

The seismoelectric SH-TE system consist of a SH polarized shear wave traveling through
in the solid part of the porous medium and a TE polarized electromagnetic wave. They
are coupled the terms +iwpf L in the SH-TE system matrix Agp. If we set the coupling
coefficient zero, we see how the matrix .Ashte decouples into a SH system and a TE system
with matrices .;lsh and .the. matrices .leh and .th@.

B-4-1 Decoupled SH waves in porous media

The two-way wave equation of the SH system in porous media is given by
038 = Aq +d, (B-39)

with
A— ( 0 —iwp® + * 1N >’ (B-40)

.
— W 0
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Figure B-1: Overview of the nummerical behavior of the three different f terms, calculated from

0 Hz to 10 Hz using the media parameters of the layer type A.
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pf Ff ki (1 .
TN (h” +h12> ) : (B-41)

120
_( S fet
haz + h3o

Q.

~b
) and

AC

The velocities of SH waves ¢, is found evaluating ’A’ = 0 for horizontally propagating waves
1 k2
_n_r (B-42)

(C% = f;i?)’ we find
g, W N
We solve te eigenvalue problem ’.,zl — I)\’ =0 and find
p"C
PLs oﬂﬁ — k¥ =0, (B-43)
(B-44)

w2

or using B-42 we write
2
D e
Csh
Thus we have two eigenvalues iH and —i’H, which we collect as iHE = Fiy /;’TQ — k3.
sh

Substituting the eigenvalue iH* in the eigenvector problem (.«74— ’H) at = 0 we find two
(B-45)

equations
~ 2
—iHEaf + <iwﬁc + wlN> af = 0,
1 -
—iwﬁaf —iHT = 0. (B-46)

(B-47)

we these two equations normalizing to a5 = 1, and find
H
at = ( N ) :
1

To complete these equations we also give the composition and decomposition matrices, al-
(B-48)

though we do not use these in our modeling scheme. We arrange the eigenvectors into the

columns of L as L = (a,a~). We have L and L~ given by
_ "y _H 1{ 5% 1
L= oV —oN and HN :
11 —ed

B-4-2 Decoupled TE waves in vacuum
The other seismoelectric wave type TE also propagates independently when the coupling
For simplicity we will evaluate this wave in vacuum. This in

coefficient is set to zero.
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addition to £ = 0 we also have & = €0, it = po and 6™ = 0. The two-way wave equation for
TE electromagnetic waves becomes

q=Aq+d, (B-49)
with
- 0 —iw
A= ( e OHO ) , (B-50)
—weg + w o

- EQ ~ js,m
= ~ d = 1~ . B' 1
() e )

~ 2
We evaluate ‘A‘ = 0 for horizontally propagating plane waves C% = % and find the electro-
0

magnetic wave velocity

ki 1
(iwpo) <—iweo + Zl) =0, (B-52)
W Ho
1 k2
- =5 = . B-53
C% w2 €o0H0 ( )

Following the same procedure as in above sections to find expressions for the eigenvalues , we
again find

2, . . ik? 1
A+ (iwpp) | —iweg + —— | =0, (B-54)
W Ho
or
1 kN

M4 (B-55)

We see again that we have two eigenvalues iH and —iH, which we collect as iH* =

. 2
Fiy /%ﬁ — k2.

Substitutying the general eigenvalue H* into the eigenvector problem we find two equations

—iHT —iwpg = 0 (B-56)
2192 1 B

—iweg—i—ﬁ——i'f'{i =0 (B-57)
W Ho

We solve these equations normalizing for = 1 and find

a®t = ( LA ) (B-58)

If we arrange the eigenvectors into the columns of L as L = (a*,a”). We find for the
composition and decomposition matrices

- 1 1 ~ 1 1 %/-LO
L= 51 7. and Lt=2 H (B-59)
( whe “who 2\ 1 —3Ho

[u—
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Appendix C

SH-TE general diffusion, flow and
wave equation in 2D and 1D

We start from the seismoelectric general diffusion, flow and wave equation matrices of section
2-2. In 2D and 1D the SH-TE system decoupled from the P-SV-TM system. We need a general
diffusion, flow and wave equation for the SH-TE system to employ the general derivations of
Wapenaar et al. [2006] to find interferometric Green’s function representations.

C-1 SH-TE general diffusion, flow and wave equation in 2D

Expanding the equations of Pride with 05 = 0 for the fields that govern the SH-TE system
we find

iweEz + (66 - 7]221;‘71> Eg + T],CAIQJAUAJQ — aSﬁl + a11f-’3 = —jzs’eu (C-1)
iwpHy +6™Hy — 03By = —J7™, (C-2)

iwpHs +6MHy + 0By = —J3™, (C-3)

iwpP03 + iwp iy — 01721 — O3ty = fga (C-4)

—’L'w7A'12 +N(91@§ = Nh 21 +Nh12’ (C 5)

—iwf'gl + Na1f}§ = Nh + Nh21’ (C 6)

—iwty3 + NO303 = Nh, + Nh237 (C-7)

—iwT3y + NO30; = Nh + Nh327 (C-8)

iwpfﬁé + k! (11)2 - ﬁEz) = fzf (C-9)

Equations C-5 and C-7 are equal to equations C-6 and C-8, therefore we omit equations C-5
and C-8. We rewrite equation C-9 as

k
EEg—zwnpf + f2 (C-10)
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We use equation C-10 to eliminate ws in equations C-1 and C-4. We normalize equations C-6
and C-7 by N. We find

iweEy + 6By — iwp! £05 — O3, + O Hz = — (JQ +Lf] ) , (C-11)
iwpe0s + iwp! LBy — 0175, — 0378y = f§ - gif{ : (C-12)
i 00 = R+, (C-13)
—iw%f‘gg + 0305 = h, +hds, (C-14)
)
where p¥ = L7 and p¢ = p* — (2;)

We define 4 alternative source types, the force on the fluid phase is not an independent source
type in the SH-TE system, therefore we include it in the electrical current density and the

force on the bulk as: J ;’e = jzs 4L fo and f 5 = fé’ — g—g fo . The deformation rate sources

~b ~b ES A A 2 A~ A
h; and hy have been defined for notational convenience as h% = h%, +h4, and h} = h}, + h};.
Equation C-11, C-12, C-3 C-3, C-13 and C-14 can now be captured into the general diffusion
flow and wave equation as

iwAd + Bl + Dyt = 8, (C-15)

where the field vector Gt and the source vector § are defined by

o = (By, iy, Hy, 05, 4, ~7bs) (C-16)
and
. . W b ab
oT _ (—JZ’G, _J;n,_ng,iz,hl,hg) . (C-17)

The matrices A, B and Dy are defined by

e 0 0 —pf2 0 0 & 0 0 000
0 w0 0 0 0 0 6™ 0 000
. | 0 0 p 0 0 0 ~ | o 0o ™00 0
A= pfL 0 0 pcoo’B_oooooo
0 00 0 & O 00 0 000
0 00 0 0 4+ 0 0 0 000
0 -0 8 0 0 0
—d5 0 0 0 0 0
| a0 0 0 0 0
and Du=| 000 Ao | (C-18)
0 0 0 & 0 0
0 0 0 8 0 0
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C-2 SH-TE general diffusion, flow and wave equation in 1D

We start from equations C-11, C-12, C-13 and C-14, setting d; = 0 results to four equations

iweEy 4+ 6°Fy —iwp! L05 — 83 H, = —J,", (C-19)
iwufh + 6’m1{11 — 83E2 = —Jf’m, (C-20)
iwp03 + iwp! LEy — 03735 = f,, (C-21)
1 ~b
—iwﬁfzg + 83@5 = hs. (C—22)

We capture equations C-19, C-20, C-21 and C-22 into the general flow, diffusion and wave
equation C-15 with field and source vectors given by

EQ _;;e
~ _Js,m
a=| H and  s=| 7 (C-23)
Ua ig
_7253 ﬁg
And the matrices A, B and Dy by
e 0 —piL 0 & 0 00
[ 0o uw 0o o0 . | 0 6™ 0 0
A= ol 0 ¢ 0| B=110 0 00 (C-24)
o 0 0 4+ 0 0 00
0 d3 0 0
| - 0 0 o0
and Dy = 0 0 0 a8 | (C-25)
0 0 03 O

C-3 Solution to the 1D SH-TE seismoelectric system in a homo-
geneous domain

We can solve equations C-19 to C-22 for the fields 03, Eg, H, and %33. We find that all field
quantities obey a fourth order ODE.

S ° N\ 2 g g pTLp -
O3By — {iw)? (f\r + 6,u> 2 Ey + {iw}* (p i M) Ey =

N N
[iw?*ﬁ]cvﬂ - z‘wgag] (—ji’e) + [vacag - agj] (—jfvm)
+ ¢w3ﬂpj\];'é (jQ) - [Mpféﬂag} (j;) (C-26)
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: epe  plLi\ -
03 Hy — {iw}? ( +€u) 02 Hy + {iw}! (pueeru) H, =
N N
A\ 2
N Ir
7 9, — Ase o s,292 ;03 LC‘C: (p ) _ 7s,m
[zw 03 63}< 2) iwéds — w N + N ( Ji )

_|_

+ {z’w:sji; —iwjlvag] (£,) + 03 —iwepa] (hs),  (C-28)

pepé | pfLi
0575 — {iw}? ( + 5#) 03755 + {iw}! ( N TN ) 723 =
+ [inprAﬂag} (—i;e) + [iwpfﬁﬁg} (—jlsm)
. N\ 2 .
+ (08 — iwefids) ( iQ) + [—mﬁcag +il <éﬂﬁc n (pr) M)] (@2) . (C-29)
where € = € + i&e and i = p+ i(}m. The left-hand sides of equations C-26 to C-29 can be

snnphﬁed to
|:8 :| |:83 + = :| [8 :| |:63 + = ‘ ] U (C—SO)
Csh Csh Cte cte

Which is a 4" order wave equation for all the fields in the field vector i. And the wave
velocities ¢gp, and ¢y are given by

2 p° . e\ o 2\ 2

— — _47( f ) , -31
e, N H \/(N 5“) N \P £ (C-31)
2 p° Ye p° 2 2_4u0 ( ff)2 (C-32)
& N a N K N \P '

C-3-1 Green’s matrix for the 1D SH-TE system in a homogeneous domain

We defined the Green’s matrix in section 7-1 by replacing the 4 x 1 source vector by a 4 x 4
source matrix. From equations C-26 to C-29 we see that the solutions to the Green’s functions
are defined by a scalar part of the Green’s function G* multiplied with the correct wighting
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factor for each source type. The weighting factors are defined on the right-hand sides of
equations C-26 to C-29. The Green’s matrix elements are given by

Gys = iw?’/lf\,—iwﬂc‘ﬁ] G, (C-33)
Gf,’fm = iw?jpvas—aé)’} G, (C-34)
. [ JE ]
G = iw?’%ﬂ G, (C-35)
Gyyy = —[iw%fﬁﬂ@g} G, (C-36)
Gy = iw2f\753—3§’} é, (C-37)
) A\ 2
. fr
N m C p N
Gl = - |iwed} — i’ (fvgwr( N) G*, (C-38)
ard = [iw2p a5 G, (C-39)
A S e i fA A~
Gyst = - |wtie= ﬁﬁﬂ} G, (C-41)
~ayS Jm f A ~
Gy = - sz%é‘:a G”, (C-42)
i [gén 1 ps
Gop™ = _W3N—WN3§] G, (C-43)
Gy = (03— iweny] 67, (C-44)
GATb’le _ (. 9 fﬁAa GS e
23,2 WP RO ) ( )
Gl = Jiwp! 365} @, (C-46)
A7"] ~
Gz = (05 —iw?2p0s] G, (C-47)
A N 2 R
GQ;ZQLQ = —[Wﬁca:?—iwg (éﬂﬁ“r(pf E) ﬂ)}GS- (C-48)

The scalar part of the Green’s matrix is given by the inverse of the 4" order wave equation
C-30. The scalar Green’s function obeys

w 2 W 2
2 [ ™ 2 [
83 <ésh> ] [83 (éte>

Equation C-49 can be algebraically manipulated in the vertical wavenumber-frequency ma-
nipulated to

G4 (x3,w) = 6(x3 — x3.4). (C-49)

A -1

GS (3, w) = [{ikg}z - {wgsh}ﬂ o [{ik3}2 . {iwgte}ﬂ 5(x3 — w3.6)- (C-50)
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-1

shite” Equation C-50 can also be written as

Where we defined the slowness 5.t as Sgpie = €

-1 -1

G (3, w) = — |{iwdan)? — {iwéte}Q] o [({u@,}? - {mte}?) _ ({ik3}2 _ {wgsh}Q) }
O3 — x34).

This implies that the scalar Green function is the sum of two Green functions, each satisfying
a modified Helmholtz equation

[(‘3383 — {iwden ]| Gopre(s,w) = —0(23 — 3.5). (C-51)
The solution to this equation is well known,

A exp (—twSsh:te |23 — 3.5])
Gih;te(-TSaw) = 2;};“ . (C-52)
sh;te

and the complete scalar Green function is given by,

A Gs 9 - GS )
G (g, w) = Fel0 )~ Canls, ) (c-53)
{iwssn}® — {iwsie }
The first two derivatives of the partial Green functions are given by
R 1. N
83G§h;te(x3,w) = —581gn(x3 — x3,5)eXP (—iwsshste |23 — 234]) 5 (C-54)
D305 G e (w3, w) = —0(w3 — w3,6) + {iwdsnsre}* Gipe(3, w), (C-55)

and hence the first three derivatives acting on the full scalar Green function are given by

{iwsie} Gre — {iwssn } Gan
{z’w§sh}2 — {iwg’te}Q
. 2A A 2 A
838365 (x3’ w) _ {Zwste} CTvte2 {u")ssh}2 Gsh, (C_57)
{iwssn}” — {iwsie }
{iwdie}® Gre — {iwdan}® Gan

{iwden }? — {iwde )’

05G° (w3,w) = —sign(xs —x35) ; (C-56)

(938383@5(.%3, w) = —SigIl(Xg — X37s) (C—58)

This completes the solution.
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